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Optimalne paralelné
algoritmy



PRAM

e PRAM = Parallel Random Access Machine

model s (heobmedzenou) zdielanou pamatou
synchronny model — spolocné hodiny

SIMD — v kazdom kroku sa vykonava rovnaka instrukcia
vstup aj vystup v zdielanej pamati

kazdy procesor ma ID a pozna celkovy pocet procesorov

pamatové modely: EREW, CREW, CRCW (common,
arbitrary, priority)

zrychlenie: S (n)=T*(n) / T (n)
cena: C (n) = p.T,(n)
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Kod pre procesori(1<i<n):
global read(A[i], a);
global write(a, B[i]);
for h:=1 to log n do

if (i <= n/2") then

begin
global read(B[2*1-1], X);

global read(B[2*i], Vy);

Z = X +V;
global write(z, B[i]);
end;

if i = 1 then global write(z, S);
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Paralelne scitanie

EREW model

T*(n) € O(n)
T,(n) € ©(log(n))

5,(n) € ©(n/log(n))
) € ©(n.log(n))
) € ©(1/log(n))

C.(n)e

E.(n

nie je cenovo
optimalny

€




index prvéeho vyskytu M[n+1] v poli M[1..n]

Kod pre procesori (1 <i<n):

global read(M[n+1], x);

global read(M[i], Vy);

global write(@, M[n+2]);

if x==y then global write(i, M[n+2]);
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Vyhl'adavanie

zapisat do M[n+2]

CRCW-priority model
T*(n) e ©(n)
T,(n) e ©(1)
S,(n) € O(n)
C.(n) e ©O(n)

E,(n) =22 = ~ ¢ O(1)

nx4

cenovo optimalny




Work-time zapis algoritmov

 WT presentation framework:

= zapis abstrahujuci od detailov PRAM implementacie
" neviaze sa na fixny pocet pouzitych procesorov

= postupnost ¢asovych jednotiek, kde kazda moze
obsahovat [ubovolne vela konkurentnych operacii

= sekvencny algoritmus s konstrukciou ,,paralelny for”,
ktora vykona zadany prikaz konkurentne pre vsetky
hodnoty i (i je identifikator prislusSného procesu)

fori1:=1to npardo
prikaz;
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Paralelne scitanie vo WT

Kod pre procesori(1<i<n):

global read(A[i], a); for 1 := 1 to n pardo
global write(a, B[i]); B[i] := A[i];
for h := 1 to log n do
. . h
if (1 <= n/27) then for h := 1 to log n do
begin s . h
global read(B[2*i-1], x); | Tor 1 :=1 to n/2" pardo
global read(B[2*1i], Vy); B[1] := B[2*1-1] + B[2*i];
Z = X +Y;
global write(z, B[i]); S := B[1];
end;

if i = 1 then global write(z, S);
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WT-charakteristiky

* T(n)— pocet Casovych jednotiek, ktoré potrebuje
algoritmus na vstup velkosti n

* W(n) — celkovy pocet operacii, ktoré vykona algoritmus
na vstupe velkosti n (praca algoritmu)

for 1 := 1 to n pardo
Al[i] := 1;

Pocet casovych jednotiek: 1
Pocet vykonanych operacii: n
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Priradenie: WT vs. PRAM

+ A[3] := A[3] + 1 :@

global read(A[j], X);
X =X + 1;

global write(x, A[j]);

Paralelny cas: o(1)

* synchronizaciu zabezpeci systém
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Paralelné scCitanie vo WT (2)

Kod pre procesori(1<i<n):
global read(A[i], a);
global write(a, B[i]);

for i :=

1 to n pardo

B[i] := A[i];

// 1 krok, n operacii

for h := 1 to log n do for h := 1 to log n do
if (i <= n/2") then for i := 1 to n/2" pardo
begin B[i] := B[2*i-1] + B[2*i];
global read(B[2*i-1], x); :
ogn s+ -
global read(B[2*i], y); // log n krokov, hji n/2" operacii
Z 1= X +Y; S := B[1];
global write(z, B[i]);
: EREW
end; v . v , : :
Pocet casovych jednotiek:
if i = 1 then global write(z, S); T(n) e@(log(n))
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Pocet vykonanych operacii:
W(n) € O(n)




WT-rozvrhovanie

e WT-rozvrhovanie = mapovanie na PRAM procesory

* fori:=1ton pardo na p procesoroch:

= procesor 1 vykona prikaz pre i=1, p+1, 2p+1, 3p+1, ...

= procesor 2 vykona prikaz pre i=2, p+2, 2p+2, ...

= procesor j vykona prikaz pre i=j, ptj, 2ptj, 3p+], ...

parale

In/p
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ny cas:

< |In/p|+1
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WT-rozvrhovanie

e Algoritmus s pracou W(n) a ¢asom T(n) simulovany na
p procesoroch:

= T,(n) <[W(n)/p] +T(n)

= kazdy krok (Casovu jednotku) s w operaciami vieme
odsimulovat na p procesoroch v ¢ase < w/p+1

= C,(n) =p.T,(n) <p.([W(n)/p]+ T(n)) e ©O(W(n) + p.T (n))
= pre p e O(W(n)/T (n)) dostavame C,(n) € O(W(n))

(Brent) T(n)/p<T,(n)<(T(n)-T.)/p+T.<T(n)/p+T.
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WT a optimalita

* T(n)— pocet Casovych jednotiek, ktoré vykona
algoritmus na vstupe velkosti n

* W(n) — celkovy pocet operacii, ktoré vykona algoritmus
na vstupe velkosti n (praca algoritmu)

* optimalita
= optimalny algoritmus: W(n) € O(T*(n))

= WT-optimalny algoritmus:
W(n) € O(T*(n)) a T(n) sa neda zlepsit

* ak je algoritmus optimalny, potom S (n) € O(p)
pre p € O(T*(n)/T(n))
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Paralelné scitanie vo WT (3)

(]
for i :=

B[i] := A[i];
// 1 krok, n operacii
for h := 1 to log n do
for i := 1 to n/2" pardo
B[i] := B[2*i-1] + B[2*i];

1 to n pardo

// log n krokov, Zilofln'n/zh operacii

S := B[1];
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EREW

T(n) e ©(log n)

W(n) € O(n)

C,(n) e O(n + p.log n)

T*(n) € O(n)
W(n) € O(T*(n)) optimalny

optimalne zrychlenie
pre p e ©(n/log n)

pre CREW PRAM
T(n) e Q(log n), teda
WT-optimalny pre CREW

13



Prefixové sucty

* Vstup:

bindrna asociativna operacia + (*, min, max, or, ...)

n-prvkové pole A, kde n = 2k

* Vystup:

n-prvkové pole S také, ze S[i] = A[1] + A[2] + ... + A[i]

e Sekvencny algoritmus v ¢ase O(n):

S[1]
for

= A[1];
i := 2 to N do

S[i] := S[i-1] + A[i];
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Hillis-Steele prefix sum vo WT

[
for i := 1 to n pardo S[i] := A[i]; // 1 krok, n operacii

for h := 0 to log(n)-1 do

o
for 1 := 2™1 to n pardo je mozné realizovat
S[i] := S[i] + S[i-2"]; | EREW modelom ?

// log n krokov, gfgo_q(n-—zh) operacii
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Hillis-Steele prefix sum vo WT

o
for i := 1 to n pardo S[i] := A[i]; // 1 krok, n operacii

for h := 0 to log(n)-1 do

for i := 2"+1 to n pardo

je mozné realizovat’
S[i] := S[i] + S[i-2"]; | EREW modelom ?

// log n krokov, Lofén)_l(n—zh) operacii

EREW
T(n) e O(log n)
W(n) e ©(n.log n)

T*(n) e ©(n)
W(n) nie je v O(T*(n)) nie je optimalny

Paralelné a distribuované systémy (Ustav informatiky, PF UPJS v KoSiciach)

16



Hillis-Steele prefix sum

N

AN

&
o
R

o\%

I L
é/
%/

NN
N | |

"\\ |
HODD

Paralelné a distribuované systémy (Ustav informatiky, PF UPJS v KoSiciach)

17



Binarna redukcia problému

* Al1], ..., Aln] >
= Y[1] = A[1] + A[2]
= Y[2] = A[3] + A[4]

= Y[i] = A[2i-1] + A[2i]

1 23 456 7 8

N INE INE N
Y| 3 7 11| 15
Z| 3| 10, 21| 36

NG ING NG

1 3 6 10 15212836

rekurzia

e Z[1], ..., Z[n/2] — prefixové sucty pre Y[1], ..., Y[n/2]

o Z[i] =Y[1] +Y[2] + ..+ Y[i] =

A[1l] + A[2] + ... + A[2i-1] + A[2i] = S[2i]
o S[2i+1] = S[2i] + A[2i+1] = Z[i] + A[2i+1]
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Prefixove sucty rekurzivne

{ pre n=2} Spravnost’ - matematickou
if n > 1 then indukciou podla k, kde n=2k

for i := 1 to n/2 pardo
Y[i] := A[2*1-1]+A[2*1];

Rekurzivne vypocitaj prefixovu sumu
pre pole Y a uloz ju do pola Z

S[1] := A[1];
for i := 2 to n pardo
if i mod 2 = @ then S[i] := Z[i/2]
else S[i] := Z[1i/2] + A[1i];
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{ pre n=2k}
if n > 1 then

for i := 1 to n/2 pardo
Y[i] := A[2*1-1]+A[2*1i];

EREW

Rekurzivne vypocitaj prefixovu sumu }kn)e()ﬂog(nn

pre pole Y a uloz ju do pola Z

S[1] := A[1];

for i := 2 to n pardo
if 1 mod 2 = 0 then S[i] :
else S[i] :
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W(n) € O(n)

T(n) = O(1) + T(n/2)
W(n) = O(n) + W(n/2)

Z[i/2]
Z[1/2] + A[i];

W(n) e O(T*(n)) = optimalny algoritmus

Prefixove sucty rekurzivne
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Prefixové sucty - priebeh rekurzie
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Prefixové sucty nerekurzivne

for i := 1 to n pardo
B[O, 1] := A[i];

for h:=1 to log(n) do
for i:=1 to n/2" pardo

B[h, i] = i-ty prvok ,,vstupu®
(velkosti n/2M) pri h-tom vnoreni
rekurzie

B[h, i] := B[h-1, 2*i-1] + B[h-1, 2*i];

for h:=log(n) downto © do
for i:=1 to n/2" pardo

if 1 = 1 then C[h, i] :=

else if i mod 2

else C[h, i] :=

S[i] := C[o, i];

C[h, i] = i-ty prvok ,,vystupu*
pri h-tom vnoreni rekurzie

B[h, i]
= 0 then C[h, i] := C[h+1, i/2]
C[h+1,(i-1)/2] + B[h, i];

C[h, ...] je prefixova suma pre B[h, ...]
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B[1]

O O O O
= N W W N

C[0] 1 3 6 10 15212836
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1 23 456 738
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10 36
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NG NG

nerekurzivny prepis

123 45678

NP INE N N

Y| 3 7 11 | 15

Z| 3| 10| 21| 36
NG INE NG

1 3 6 10 15212836

rekurzia

{ nerekurzivne bez pomocnych poli }
for i := 1 to n pardo S[i] := A[i];
for h:=1 to log(n) do

for i:=1 to n/2" pardo

for h:=1log(n)-1 downto 1 do
for i:=1 to (n/2")-1 pardo
S[i*2h+2M-1] := S[i*2M+2M-1] + S[i*2h];

S[i*2h] := S[i*2h] + S[i*2h-2h-1];
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Dakujem za pozornost !

Paralelné a distribuované systémy (Ustav informatiky, PF UPJS v KoSiciach)

24



