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Abstract: We study steady flow of compressible heat conducting viscous
fluid in a bounded two-dimensional domain, described by the Navier—Stokes—
Fourier system. We assume that the pressure is given by the constitutive
equation p(p,0) p? + pb for v > 2, where p is the density and 6 is the tem-
perature. We prove existence of a weak solution to these equations without
any assumption on the smallness of the data. The proof uses special approxi-
mation of the original problem, which guarantees the pointwise boundedness
of the density. However, more work has to be done in proof of the strong
convergence of the density.

Keywords: steady compressible Navier—Stokes—Fourier equations, slip boun-
dary conditions, weak solutions, large data

1 Introduction

1.1 The Equations

The compressible Navier—Stokes—Fourier system of PDEs (a.k.a. the full
Navier—Stokes system) describes steady flow of a compressible heat con-
ducting newtonian fluid in a bounded domain §2:

div(pv) = 0
div(pv ® v) —divS(v) + Vp(p,0) = F (1.2)
div(pe(p, 0)v) — div(k(0)VE) = S(v): Vv —p(p,0)divv, (1.3)
where
p:Q — RJ ...density of the fluid (sought)
v:Q — R?.. . velocity field (sought)
0:Q — R' ... temperature (sought)
p(,) Ry xR® — Ry ...pressure (given)
F:Q — R?... external force (given)
e(-,r) : Ry x R" — TR ...internal energy (given)

S(v) = 2uD(v)+ A(divo)I ...the viscous part of the stress tensor
1
é(V’U + VoT) ... the symmetric part of the velocity gradient,
i, A are viscosity coefficients (constants) and x(6) is heat conductivity.
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Note that in full generality equation (1.3) (conservation of internal energy)
should be replaced by the conservation of total energy — but for the solution
we are about to construct we have balance of kinetic energy as a consequence
of the momentum equation®.

Our solution will be such that p € L>(Q) and v € W'?(Q) for p < oo,
we get (div(pv) = 0 in a weak sense)

1
div( 1p7'v) = —p’divo

in a weak sense — so we are allowed to write
div(pfv) — div(k(0)VO) = S(v) : Vv — pfdivv (1.4)
instead of equation (1.3).

1.2 Constitutive equations
We assume that the constitutive equation for the pressure takes the form
p(p,0) = a1p” + aspb, ai,as >0, (1.5)

i.e. the pressure has one part corresponding to the ideal fluid and a so called
elastic part. The internal energy takes the form

P
e(p,0) = asb + alﬁ, as > 0. (1.6)

Next we need to assume something about the viscosity coefficients and heat
conductivity. So, let i, A be constants, let the conditions of thermodynamical
stability

w>0, 3\+2u>0 (1.7)
be satisfied and let k be such that
k(0) = as(1 4+ 0™), ag,m > 0. (1.8)

The constitutive equations are such that the conditions that follow from
thermodynamics are fulfilled: the constitutive equations for energy, pressure
and temperature fulfill the relation

1 op Oe

E(P - 89) = o (1.9)

1To be more specific, we will be able to test the momentum equation by v, which gives
us also conservation of kinetic energy.



which is straight consequence of the Maxwell relations and which guarantees
the existence of entropy; the interested reader should consult the book [NoS].

1.3 Boundary conditions

Let the domain we are working with be sufficiently smooth, i.e. Q € C2. For
the velocity we consider slip boundary conditions:

v-n=0, 7 - (T(p,v)n)+ fo-7=0  at 09, (1.10)

where 7 stands for tangent vector to 0€2, n is outer normal vector, T(p,v) =

—pl+ S(v) is the stress tensor and coefficient f is nonnegative constant. (In

case f = 0 (perfect slip) we need to assume that ) is not axially symmetric.?)
For the temperature we assume

mw)g—i + L(0)(0 — 6y) = 0 at D9, (1.11)

where 6y : 0Q — R™ is strictly positive sufficiently smooth given function
(say 0y € C?), 0 < 0, < 0y < 0* < oo with 0,, 0* € RT and

L) =as(1+6), 1€R]. (1.12)

We must also prescribe total mass of the fluid:

/ pdx = M > 0. (1.13)
Q

2We need this condition to be fulfilled because of use of Korn’s lemma in several
moments of the proof.



2 Mathematical background

This section is devoted to some definitions and theorems we would need in
the whole work.

2.1

Sobolev spaces

The Sobolev spaces are a very natural tool for the study of PDEs and will
be used throughout this whole work.

Definition 2.1 (Sobolev spaces)

Let Q C R", a = (evq,..., ), a; € Ng, k € N, p € (1,00). Sobolev
space WFP(Q) is defined as (all derivatives are in weak sense):

WHhP(Q) := {u € LP(Q)|D*u € LP(Q) Ya : Ya; < k};
the norm in Sobolev space W*? is defined as follows:
1
lully = (o) + D 1D"ulR) )" (2.1)
laf<k
For p = 0o we define
Wk (Q) := {u € L>(Q); D*u € L™(Q) Vo : Loy < k};
the norm in W*>(Q) is defined as

[llk00 = max || D*ul oo ()
o<k

Let Q € CkF11 g € (1,00), k € N. Then we are able to define “more
exotic” Sobolev space W /99 (98) as a subspace of all functions from
Wh=La (9Q) (W% (0Q) = L1(0N)) satisfying the following property:

|Du(z) — D*u(y)|*
‘v’a,a:k—lzlau:// dS,dS, < oo.
o (u) o0 Joq |z — y[n—2te !
(2.2)

If we denote

Hu”Wk—l/q,q(aQ) = (HUH;]/[/[IC—I/q],q(aQ) + Z [a(u)) ) (23)
|a|=k—1

Q=

then ||ullyyi-1/0a(p0) @5 a norm in Wk=1/24(9Q).
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We know that Sobolev space W*? (Q) is a Banach space for all k € N
and p € (1,00). However, the most important properties of Sobolev spaces
for us are the imbeddings of such spaces.

Theorem 2.2 (Imbedding theorems)
The following assertions hold:

e l<p<n, QelC™:Vge (1,p*): WP (Q)— L1(Q).
e p=mn, el Vge (l,00): W (Q) — L1(Q).
en<p<oo, NeECH:Vaec (0,1-12): WP (Q) — C%(Q),

P

where p* = n"—_’;.
Proof. See [KJF], Theorems 5.7.7 and 5.7.8. O

Just for the reader’s convenience we remind an inequality which we use
in the following: the Poincaré inequality. This inequality can be found in
[KJF] as a consequence of Theorem 4.1.1.

Lemma 2.3 (Poincaré inequality)
Let 1 < p < oo and Q2 CR" be a bounded Lipschitz domain. Let us define

N(u)? = (/ \Vu\pda:—l—cl/ ]u\pda—l—@/|u]pdx+03\/udx]p) (2.4)
Q I'y w Q

forc; >0, ¢1 + ca+ c3 > 0, where w C Q is such that |wl|, > 0, I'y C 00 is
such that |T'y|,—1 > 0.
Then N(u) is an equivalent norm on WhHP(Q2).

We rely on the fact that the reader knows Hélder and Young inequalities,
so we do not have to state them here. ®
During some calculations, we will need the interpolation inequalities:

Lemma 2.4 o Let fe LP(Q)NLYN), 1<p<q<oo. Then

o _a , a l-a«
£ 1l < 1FI11F1l with =5 ecol

o Let feWh(Q)NLYN), 1 < q<oo. Then



— for s <n we have f € L"(Q), r < -, and for q < r it holds:

n

11—«

, a€(0,1).
(2.5)
— for s =n we are allowed to take ¢ < r < oo and (2.5) holds

1
s

o a , 1 1
17 < DPIIAIES with —=a(; — )+

— for s > n we are allowed to take r < oo and (2.5) holds.

Proof. The first part is a direct consequence of the Holder inequality. For
the rest, see [M]. O

2.2 Other related topics

In this short subsection we state some results that we will need and appreci-
ate in proofs of future theorems. First of all we will talk about the so called
Bogovskii operator, which we will use while proving the a priori estimates
to our approximative problem.

Lemma 2.5 (Bogouvskii, Solonnikov, Ladyzhenskaya, Borchers-Sohr, ...)
Let Q € C%! be a bounded domain, Q C R"; let f € Wy (Q) for m > 0,
1 <q<oo, [,f=0. Then there exists u € (W 9(Q))™ which solves

divu = f in
u = 0 at OS2

such that
IValfmg < CJlflmg-
Proof. See [NoS], Auxiliary lemma 3.15. O

This little definition (and the following theorem) we will strongly appre-
ciate when proving existence to the approximative problem.

Definition 2.6 Let (X, |- [|x) be a Banach space and 2 C X bounded open
set. We say that F' : Qx(0,1) — X is homotopy of compact transformations
on Q0 if

1. F(-,t): Q — X is compact operator for any t € (0, 1)



2. for any k1 > 0 and for any Q C Q there exists Ky > 0:

|F(z,t) — F(z,s)|| < k1 VzeQVs,te(0,1), |s—t < r

Theorem 2.7 (Leray-Schauder fized-point theorem) B
Let X be a Banach space, 2 C X a bounded open set; let F : {2 X 0,1) - X
be a homotopy of compact transformations on €2 such that

0¢ (I F(-1)09), te01).

If there exists at least one ug € Q such that F(ug,0) = ug, then there exists
at least one solution u; € €2 to the problem

H(Ut, t) = Ut
for any t € (0,1).
Proof. This theorem follows directly from Theorems 7.8 and 7.10 in [FoG].
O]

Next, we move virtually into the Section 5 to examine bounded sequences
in Banach spaces.

Theorem 2.8 (Eberlein—Schmulyan)
Let X be a reflexive Banach space and let {u,} C X be a bounded sequence.
Then there ezists a subsequence {uy, }7>, weakly convergent in X.

Theorem 2.9 (Banach—Alaoglu)
Let X be a separable Banach space and let { f,} C X* be a bounded sequence.
Then there ezists a subsequence {F,, }52, weakly-* convergent in X*.

The next theorem will help us to prove some facts about convergence of
the temperature.

Theorem 2.10 (Vitali)
Let f, — f in some measurable set M C R". Then f, — f strongly in
LY (M) iff the following two conditions hold true:

1. For any € > 0 there exists 0 > 0 s.t.

JACEE

forn € N, EC M such that |E| < 6.
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2. For any ¢ there exists E. C M of finite measure such that

/ ful <o
M\E:.

The last lemma in this section we will find very useful in the proof of con-
vergence of the densiy.

forn € N.

Lemma 2.11 Let Q € C¥', v e WH(Q), 1 < g< o0, pe LP(Q),1<p<
00, v-Vpe L (Q), t= ]lg + %. Then there ezists p, € C*(§2) such that

v-Vp, —v-Vp in L°(§2)

and
Pn — P in LP(Q2).
Proof. See [NNP], Theorem 1.1. O
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3 Theorem

3.1 Weak formulation & Weak solution

Definition 3.1 The triple (p, v, 0) is called a weak solution to problem (1.1)-
(1.18)if p € L(Q), v € W2(Q), 0 € W'2(Q) and 6™V0 € L}(Q),v-n =0

at 0F) in a trace sense and

/ pv-Vn=0 Vn € C®(Q) (3.1)

/ (—pv®@v: Ve +2uD(v) : D(p) + Adivodive — p(p, 8) div ¢) dz+
Q

f 'v-cpdaz/pF'cpdx Vo € C?(Q);0-n =0 at 00
o9 Q
(3.2)

/ (K(O)V0 - Vi — phoVeb)dz + / L(0)(0 — 6o)ibdor —
“ e (3.3)

/(Qﬂ\D(v)W + A(dive)*) — pfdivoy)de Yy € C(Q).
Q

3.2 The Theorem

Now we are ready to state our main result:

Theorem 3.2 Let ) € C? be a bounded domain, Q@ C R?. Let F € L>=(1Q),
m=10+1 and

v—1

y-2

Then there exists a weak solution to (1.1)—(1.13) such that p € L>*(Q),
v e WhH(Q) and 6 € WH(Q) for all 1 < g < occ.

v > 2, m >

Note that the Theorem could be proved also for m # [+1 and F' € L*(Q) for
p < 00; however, the details of the proof would be much more complicated
than in our “simple” case. The interested reader may find the conditions for
v, m, l + 1 and p in (4.40).
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3.3 Proof: history & some basic hints

The aim of this work is to prove Theorem 3.2. We will continue in work of
Mucha and Pokorny ([MP] and [PM] — 2D and 3D Navier—Stokes equations,
no temperature or internal energy is considered here; [MP2] and [MP3] —
3D Navier—Stokes—Fourier equations, temperature and equation for internal
energy included). The achievements of these works were proofs for v > 3
and m > M in [MP2] and v > ¢ and m > M in [MP3] (here m =1+ 1);
our results are for v > 2 and m > Wh1ch is, in some way, better result
than in 3D, but not better than in 2D Wlthout temperature ([MP]).

One of the possible approaches to the problem (1.1)—(1.13) was introdu-
ced in [L]; unfortunately, the author considered fQ pP = MP for sufficiently
large p instead of (1.13), which is not really acceptable from the physical
point of view.

To prove Theorem 3.2 we have to construct an approximation of the
original problem, which we implement in Section 4. We prove some a priori
estimates for the approximative system (Subsection 4.1) and then we prove
existence of a solution to the approximative system (Subsection 4.2). To that
purpose we define two interesting compact operators and then we use Leray—
Schauder fixed point theorem (Theorem 2.7) to show that the operators work
in a way we want them. The last thing we prove in Subsection 4.2 are some
estimates for density, velocity and temperature.

In the next section (Section 5) we have to show that the solution to the
approximative problem we constructed in the previous section converges to
the solution of the original system, at least in some sense. To this purpose,
we prove that the temperature is no problem for convergence and then we
introduce quantity known as effective viscous flux, which plays key role in
proof of convergence of density. The last difficulty remains velocity, but once
the density is solved, this would be no problem for us.
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4 Proof I: Approximation

We are going to construct the approximation of the original problem in the
same way as in [MP2]. We need constant ¢ > 0 and a function K (¢) with

1 fort < k
K(it)y=4¢ €(0,1) fork<t<k+1 (4.1)
0 fort > k+1,

k > 0. Moreover we assume that K'(t) < 0 for ¢t € (k, k + 1). Later we pass
¢ — 0+ and in that moment we would need to know that K(p) = 1 for
sufficiently large value of k.

In © we have:

ep+ div(K(p)pv) — eAp = ehK(p) (4.2)

% div(K (p)pv ® v) + %K(p)pv Vo —divS(v)+ VP(p,0) = K(p)pF (4.3)

e+0
0

— div ((1 +om) ve) + div (v /0 pK(t)dt) 0 + div (K (p)pv) 0+

K(p)pv - VO — 0K (p)v-Vp =S8(v): V(v),
(4.4)

where
P(p,0) = /p fyt”*lK(t)dt + 9/,0 K(t)dt = Py(p) + H/pK(t)dt (4.5)

and h = %
If we define “entropy” s as
s=1Inf.

If we consider 6 sufficiently smooth, we may rewrite equation (4.4) as

e+ e’
68

—div ((1 +¢e"™) Vs) + K(p)pv - Vs — K(p)v - Vp+

S(v) : Vo N (14 e™)(e + €%)

e’ e’

|Vs|?
(4.6)

div <v /O pK(t)dt) + div (K (p)pw) =

13



in Q. We will appreciate this form of internal energy equation (or rather ent-
ropy equation) later — we will need to control the positivness of temperature,
which does not work very good with equation (4.4).

(Note that s is not entropy in thermodynamical sense, although it beha-
ves like entropy — for us, this is just auxiliary function. The “real” entropy
would consist of a part depending on 6 as well as of some contribution from
the elastic part of the pressure function.)

The boundary conditions (see Subsection 1.3 for original BCs) we consi-
der as follows:

(1 +9m)(6+0)§—2 + L(0)(0 —0y) +es=0 (4.7)
v-n=0, 7 (T(p,v)n) + fv -7 = (4.8)
S—Z _ (4.9)

4.1 A priori estimates for the approximative system

Lemma 4.1 Let us suppose that the solution is sufficiently smooth, i.e. p,
v, 0 € W294(Q) for any q < oo, 6 > 0. Let assumptions of Theorem 3.2 be
satisfied. Then

0<p<k+1, /pd:ESM,
Q

[0lln2 + K (p)pllay + 1P (P, O)ll2 + [10]lg + [[VOl145+

4.10
/ (e* + e *)do + || Vs|l2 < C([| F[loe, M, q), o
9

where 6 =1 form > 2, 0 <1 for m < 2 and the RHS of (4.10) is indepen-
dent of € and k, s =1n6.

Proof.

First of all we will state main ideas of the proof of non-negativeness and the
boundedness of the density. First, we integrate the approximative continuity
equation (4.2) over Q. After using Gauss—Ostrogradskii theorem and the
boundary conditions we get

/Spd:c:/shK(p)dx,
Q Q

14



from where we have L! bound on the density. Next we denote by Q_ sub-
domain where p < 0 and 2, subdomain where p > k 4 1. We integrate over
Q_:

/ epdx + ;. K(p)pv-nda—s/@Q g—fbdazsh/ﬂ K(p).

Now we realize that due to the regularity of p and v and due to the boundary
conditions the surface integrals disappear; this, together with properties of
K(-) implies [{x € Q; p(z) < 0} = 0. Similarly we prove p(z) < k + 1.
Details can be found in [PM] (3D case is considered here) or [MP]; for another
approach see [NoS].

In what follows we prove (4.10). Let us assume a little generalization for
a while: let’s consider F' € LP(2) only. We will show some a priori estimates
for such generalized RHS and then we will put F' € L>(2) and m = [+ 1
to simplify further calculations. (The existence of the solution can be shown
also in these “complicated” cases — we give some comments on this topic
later — but it would be with many technical problems; see (4.40).)

First of all, we multiply approximative momentum equation (4.3) by v
and integrate over 2. We get

/ (2uD?(v) + Adiv*v) dz +/ flv o T|*do + / v-VPB(p)dr =
Q o9 Q

/QK(p)p'v~Fdx+/Q </OPK(t)dt)6divvdx.

To get information about the last term on the LHS of this equation we use
approximative continuity equation (4.2):

/ v- VP (p)de = - K(p)pv -Vp' ldr =
Q

(4.11)

v—1Ja
_% Q(éAvaehK (p) —ep) p?~dx =
ey _ _
p— /Q(p—hK(p))pV 1d9«"+67/9p7 2|Vl da.

Using this term and the momentum equation we get

/S(v) : Vodx + f|v®‘r|2d0+€7/p7_2|Vp|2dx—|—i/p”dx—
Q a0 Q v—1Ja

/ (/pK(t)dt>9divvdx < C(l —|—/ |K (p)pv - F|dx)
o " (4.12)

15



Integrating the energy equation (4.4) and including information from the
boundary condition we get

/BQ (L(6)(6—bp)+es)do = /

Q

(S('v) : VU—(/OPK(t)dt)Gdiv v)da:, (4.13)

since the integration by parts gives the following identity

/Q(K(P)PU-VH—QK(p)U.vp+diV (U /pK(t)dt>9+

, (4.14)
div (K(p)pv)@) dr = / ( / K(t)dt)@div vdz.
a MJo
Summing up (4.12) and (4.13) we get
/ (L(0)0 + esT)do + 67/ P 2| Vp|dx + T / pldr <
o0 Q v—1Ja (4.15)

/ 53_d0~|—C’<1+/ |K(p),0v-F|dx>,
o0 Q

where s and s~ are the positive and negative parts of the entropy (s =
st —s7). Now we take care of the first term of the RHS of (4.15). Note that
the control of the negative part of entropy s is not immediate.

We integrate the entropy equation (4.6) over (2 getting

/BQ (M + sse—S) do +/Q <K(p)pv -QVH — K(p)v- Vp>dx _

7 /Q (s(v) : Vo N (1 +6m0)(e+9)|v8|2) di.

0
(4.16)
So
/Q(S(v)e: Vo, (1+9m9)(5+«9)‘v5’2> d“/m <L(99)90 +8’8|68_> "
—/K(p)pv-V(s—lnp)de/ L(9)da+/ este " do.
Q o0 o0 (417)

From the last term in the LHS of (4.17) we have

—/QK(p)pv V(s —Inp)dr = /QK(p)pv -V1npdr — /QK(,O)p’U - Vsdx
(4.18)

16



and with help of (4.2) we get for the first integral in (4.18)
/ K(p)pv - Vinpdr = — / div(K (p)pv) In pdx =
Q Q

/Q (—elp+ep—chK(p)) Inpde = (4.19)

2

/ <5ﬂ —ehK(p)lnp+epln p) dz.

Q P
The first term has a good sign, the second term has a good sign for p <1,
too, and for p > 1 is easily bounded by ehp. Similarly, the last term can be
controlled by the term ¢ fQ pYldz. The proof was rather formal, as we do not
know whether p > 0 in Q2. However, we may write K(p)v -V (p+9) in (4.18)
with § > 0 and find an analogue of (4.19) with In(p + J). Finally we pass
with 0 — 0T and get precisely the same information as above.
Next, for the second integral in (4.18):

— /Q K(p)pv - Vsdx = /Q (5Ap —ep+ €hK(p))sdx =

(4.20)

/ (—eVpVs—eplnf + chK(p)Inb)dz.

Q
Considering the RHS of (4.20), we have

- [ VoVsds| < Vol Vsl <

. VL 2 . (4.21)
P 2 ~y—2 2
Za(/ﬂ PP+ /Q VP dr) + 11Vl

Moreover, fQ —eplnfdr has a good sign for 6§ < 1; for 6 > 1 we have

[ ~=pno)ds < el <
_ e _ (4.22)
(15 oo +19513) + 3171 + €

The last term of (4.20) can be treated as follows (one part has again a good
sign)

1 - 1
/5hK(p)|(ln0)|dx§C’€/ |57 |dx < C’+—/ els™ el ldo+ ||V s|| Lo)-
Q Q 2 Joa 4
(4.23)
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Then combining (4.17) with inequality (4.15) and with (4.19)—(4.23) we
obtain

/Q (S(”)e: Vv, 1;29m\ve12) dz + /dg (L(9)9 + L(Z)eo +a|s\) da(i;;,

where

HzC(l%—/ﬂ)\K(p)pU-F]d&:).

From the growth conditions we deduce:

1/(141) 1/m
(/ 0[+1d0_> < I{l/(l+1)7 (/ |V9m/2‘2) < Hl/m
oN Q

To get some bounds on temperature we use the following Poincaré type
inequality:

1/m 1/m 1/(141)
< / ]9’"/2|2dx> <) (( / |V6m/2|2da:> + ( / 9’+1da> )
Q Q o0

The imbedding theorem leads to the bound

1/q
(/ eqcl:c) <C(HY™ 4 HYUDY (4.25)
Q

for any ¢ < oo; note that C' = C(q) and C(q) — oo for ¢ — .
We now return to (4.12). Holder’s inequality with help of Korn’s inequa-
lity? yields

Hlez—l—afy/ 1 2dszc—i——7 pldr <

(1+/|K p)puv - F|da:+/|€/ K(t)dt| dx)

In what follows we use the imbedding W'2(Q) — L4(Q) for any ¢ €
(1,00); in the following ¢ is always this number taken from the imbedding.
(Note that our aim is to use ¢ as large as possible.)

(4.26)

3i.e. for f = 0 we require that Q is not rotationally symmetric, for more details see
[NoS]
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The first term on the RHS of this equation is simple (we only need
= € (1,29)):

2v(p+q)
/IK p)pv - Fldz < C|K(p)pll _es_|vllo|F]l, < ClIK (p)pll35" " llv]l1z-
(4.27)
However, for successful estimation of the rest of RHS of (4.26) we will
have to get bound of P,(p). To find it we use the so-called Bogovskii operator.
We introduce ® : Q — R2 deﬁned as a solution to the following problem

(here {Pb( } = % fQ Pb )

div® = Py(p) — {F(p)} in Q2

4.28
® = 0 at 0. (4.28)
From properties of this operator (see Subsection 2.2) we get

1®llw22(0) = CllE(P)l2 (4.29)

and then, using structure of P,(p), the fact that [, pdz < M and interpo-
lation inequality:

{P,(p)} <6||P,(p)ll2 + C(8,M)  forall § > 0.

Now, we are ready to multiply the approximative momentum equation (4.3)
by ®, use (4.26) and (4.29), use some standard estimates on RHS to (4.3)
and get

|be(p)|\§§C<1+/Q\K(p)pv®v|2d:c+/Q]e/opf((t)dﬂ?daz). (4.30)

As
IB)IE > C ( [uorass [ ([ pK(t)dt)%), (431)

we get this nice bound for the first integral in RHS of (4.30):

2v(q+4)

/!K (P)pv @ v*de < CIK(p)pl g l0lly < N (p)pllzy™ vl (4-32)

for any ¢ < co. We now take care of the second integral in (4.30) with a help
of Holder’s inequality; we get || [ K (¢)dt|| 20, and then we use interpolation
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between L' and L? (for the interpolation we require - =L € (1,2v) — but for
~ which satisfies assumptions from Theorem 3.2 we have this for free):

2v(q+2)

Io [ ol < 10120 [ @at, <o) [ K@@E. @

Apart from that, we have (4.25) and (4.27), which gives us the following
bound:

2v(p+q) 2y(p+q)

L
1811, < (I (2Pl wllaz) ™ + (KK (ollE 7 folli2) *. (4.34)

Therefore, we get

3o

+

).

P 5 P 272(4-&-3; 27((217—0—111))
H9/ K(tdtl; < || | K@)dtllzy (1K (p)ellsy ™ v]l1.2)
0 0 (4.35)

27(p+q)

(I p)ollzy ™ vll,2)"

From the inequalities above we see that

e

2v(g+4)

1K (p)ollz; < 1K (p )pl\‘““ Uvll o+

2v qu_2 _,'_% P+q_ 2 q+2 42
1K ()l TET D) 2 e ()l T D) g
(4.36)
Young’s inequality yields
||K( >pH27 < H,UH ‘12((1’5271) 1)2 4 || ||mpq(ﬁ/z—)ql()2’ymgla) (p+q) 4 ||'U|| (l+1):DQ(’Y—1()2 (;"!1‘)1)19 (P+<1)
(4. 37)

which, together with (4.24) and a little help of Young’s inequality, leads us
to the final bound

p+q  2q(2y-1) p+q pg(2y—1)

”’0”12 < H,UH12PLZ(2’Y 1) g(v—1)—2 + H H PQ(2’Y 1) mm(w 1)—mp— (P+q)+
g 27—1) 2(1(27—1)( g+2 | 2 _ ptq )Jrg
H,UH q(2v—1) " m pg(2y-1) +
H H ;((1«5271) 1)2(q(gj_21)+l+1 pq(;,ry 1))+l+1 + || || mpq(qul()%mzl?) (p+9) (q(2v 1)+m pq(;yq 1))+%+
||,vH (l+1)pq(v€1()2’y(;-l-)1)p (p+4) (q(Q;r 1)+l+1 pq(p;:rq 1) )+%+
||v||(l+1)PQ(’qul()2 (?-!l-)l)p (p+q)( (2'7;21)+m PQ(Q’Y 1)) %‘i‘
||’U|| mpq('qul()hmzl)) (p+aq) (q(2'-y~_ 1)+l+1 pq(2'y 1) ) %
(4.38)
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To get a reasonable bound on ||v]|; 2 we need all the exponents in (4.38)
to be less than 2. After some algebra we get
v>2
JApt29+pg
Pq
m > 2(p+4) and the same term for [ + 1
plg(y=1)=1)
pq — 4q + 2pg(y — 1)
2q(p(y —1) — 1)
((+1)plg+2)+2(p+q) +2Up+9)
2ip(g(y —1) — 1)
2+ pg(y — 1)
pq(y —1) —4p —pq
the same result, but for ¢ — oo (which seems rather formal, but as we are
interested in ¢ as big as possible, this limit gives us the right conditions on
~ and m) is

(4.39)

and the same term for [ + 1

and the same term for [ + 1;

v > 2
2
2
m > ——— and the same term for [ +1
p(y—1)
2y —1)—4 :
m > u and the same term for [ + 1 (4.40)
p(y—1)—4
p(l+1)+2+21
2lp(y — 1)
2 —1
M and the same term for [ + 1.
p(y —2)

For the sake of simplicity we will consider p = co and m = [ + 1 only

— we want to avoid unnecessary technical problems; applying these new
restrictions, we get simple conditions for m and ~:
-1

& m>1—- (4.41)

> 2 .
gl -

Now we are almost done: we have

lv]l32 < CUIF |, M). (4.42)
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This fact together with estimates for temperature ((4.15) and (4.25)) gives
us (4.10), which we wanted to prove. O

4.2 Existence for the approximative system

For the sake of simplicity, we perform all the following steps of the proof of
Theorem 3.2 considering F' € L*°(£2) only. All the corresponding calculations
could be rewritten using F' € LP(2) but the proof would be much less
transparent. (We can obtain the existence results even in the general case,
but the related calculations would be much more complicated and, of course,
we would have to use (4.40) instead of (4.41).)

Theorem 4.2 Let the assumptions of Theorem 3.2 be satisfied. Let € > 0
and k > 0. Then there ezists a strong solution (p,v,s) to (4.2)-(4.4) such
that

p EW?P(Q), veW?(Q) and s W?>(Q) for 1 <p < 0.
(4.43)
Moreover 0 < p < k41 in €, fﬂpdxg M, 60 >0 and
[0]l1q + VeIVl + VO, + (0]l < C(R), (4.44)

where r =2 ifm >2 andr =1+46, § <1 is arbitrary for m < 2.

The proof of this theorem will be split into several lemmae.
Let us denote (for p € (1,00))

M, ={u € W"(Q);u-n =0 at 0Q}
and let us also define operator
S M, — W?P(Q) for 1 <p < oo
such that p = S(v), where p solves the following problem:
ep —elAp =echK(p) — div(K(p)pv) in Q

4.45
@ =0 at 0f2 ( )
on

(see the continuity equation). With this notation we have
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Lemma 4.3 Operator S, defined by (4.45), is a well-defined compact ope-
rator from M, to W??(Q), 1 < p < o0o; the solution to (4.45) is unique.
Moreover, for p > 2, we have

lpllzp < C(k,e)([[v[IF, + 1) (4.46)

Proof. See [MP], Proposition 3.1, and [NoS]|, Proposition 4.22; the only dif-
ference in our case is the estimates on ||p||2,. We state the idea of the proof
here: we take the definition of operator S (4.45) and estimate ||Vpl|, from
there. The worst term is div(K (p)pv), so we get

IVoll, < CA+[[K(p)pvlly) < C(F)(1+ [v]]p)
and therefore
IV2pll, < C(L+[Vp- |, + [pdivel,) <
C(L+ [lolllVollp + Kl divoll,) < C(R)(1 +[lv]]7,)

for p > 2. O
Now we define another operator, this time with the help of momentum
and energy equation:

T: M, x W*P(Q) — M, x W*(Q) st. T(v,s) = (w,2),

where (w, z) is given as a solution to

1 1
—divS(w) = ~5 div(K (p)pv @ v) — 5K(p)p’u -Vo—

VP(p,e’) + K(p)pF inQ,

—div((1 + ™) (e + e*)Vz) = S(v) : Vv — div (’U /Op K(t)dt) €= (4.47)

div(K(p)pv)Vs — e’ K(p)pv - Vs + e’ K (p)vVp in Q,
w-n =0, n-Sw) -7+ fw-7=0 at 09,
(14 e™)(e+ e ) Vz+ez=—L(e*)(e’ — b)) at 09,
where p = S(v) is given by (4.45) and Lemma 4.3.
To apply the Leray—Schauder fixed point theorem we need to verify that
T is continuous and compact mapping from M, x W?P(Q) to M, x W*P((Q2)
and that all solutions satisfying

tT(w, z) = (w, 2), t€(0,1) (4.48)

are bounded in M, x W?P(Q). (We calculate with the fact that w and z are
in the right spaces; this fact we prove at the end of this section.)
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Lemma 4.4 Letp > 2; let all assumptions of Theorem 4.2 be satisfied. Then
T 1is a continuous and compact operator from M, x W*P(Q) to M, x WP ().

Proof. We are going to use two facts: first, Ve > 0 system (4.47) is strictly
elliptic; second, for p > 2 the W1P(Q) space is an algebra. Due to the second
fact the RHS of (4.47) belongs to LP(2) and the boundary terms belong to
Wi=1/rr(9Q).

The coeflicients on the LHS of the second equation of (4.47) are of
C'*%(€Q)). The standard elliptic theory gives us information about existence
of solution to (4.47) in M, x W*P(Q) with the following bound:

[wllap + [|2ll2p < CUle*llorea@)([1RHS of (4.47) ], +
||RHS Of (447)2”]) + ||RHS Of (4.47)4||W171/p,p(80)).

This gives us uniqueness of the solution and continuous dependence on the
data.

Moreover, the RHS of (4.47) is at most of the first order of sought functi-
ons, which implies the compactness of the operator T [

Lemma 4.5 All solutions to (4.48) in M, x W?P(Q) satisfy the following
bounds:

0<p<hk+l,  fwlho+ 16l + V8 + VEIVall: < ClR), (4.49)

where @ = ¢e*,§ =1 form > 2 and 6 < 1 form < 2, and C(k) is independent
of € and t € (0,1).

Proof. We may copy the estimates from Lemma 4.1; we have to be a bit
careful about dependence of all norms on ¢. On the other hand, we are
allowed to use the L*™ bound on the density, i.e. we can consider p < k + 1.
So, if we repeat steps (4.11)—(4.17) we get this inequality:

fw o 7)%do + / (1+ emg)(g +9) |Vz|?do+
Q

(1 —t)/QS('w) : Vwdz + "

S -V
; / (M e V4~ Yot
Q 0 v—1

5/89 (2 (1—e") + 2| (el — 1))do+
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t/m (L(6)0 — L(0)6 + L(?QO — L(0))do

< t/Q <K(p)pw Vi K(p)w - Vp)dx—{—t(](l + /Q 1K (p)pw - F|dx>,
(4.50)

where p = S(v). Next, we compute again (4.18) — (4.24) and we get

/1+0 |V0|2dx+t/s<w)—:vwdx+/ (tL(0)0+tM+5|z|>da
o 07 Q 4 o0 4

< tC(l + / | K (p)pw - F|d3c>
’ (4.51)
We know that 0 < p < k + 1, so after dividing by ¢ we get
16]], < C(1+ [lwll2)™
lwli, < CA+ 0] 5)-

For m > 1 we get
w2+ [|0]l < C(F);

for m > 2, from Lemma 4.1 we have L? bounds on @ and |V0|9mT_2 and

consequently we control also V#. For 1 < m < 2
IV0]l115 < C(10llg, 170167 [|2)

for any § < 1.
To finish the proof we multiply the approximative momentum equation
(4.3) by p and we integrate by parts to get

p
5/(\Vp2]+p2)da: §5/hK(p)pdx+// tK (t)dt| divw|dz,
Q v aJo

from where we extract the bound for 1/||p||2. O

At last we want to verify the bounds on w and z, i.e. to make sure our
operator T maps M, x W??(Q) to M, x W??(Q). We make so by applying
the bootstrap method to the system

—divS(w) = t( - %div(K(p)pfw Rw) — %K(p)pfw -Vw-— (4.5
VP(p,e*) + K(p)pF) in
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—div (14 ™) (e + €9)V2) = t<S(w) . Vaw — div (w /Op K(t)dt) ot

div (K (p)pw)e” — €K (p)pw - Vz + K (p)w - Vp) in
(4.53)

with p = S(v); the boundary conditions are as follows

w-n =0, n-Sw) 7+ fw-7=0

(14 ™) (e +€*)Va + 22 = —tL(e)(e* — ). (4.54)

First knowledge (and the one we have for free) is that w € W'?(Q) —
L1(Q) for any g € (1,00). Thus, when deducing bounds to the RHS of
(4.52), the most restrictive term is VP(p,e*) — but we have 6§ € L9(Q2) and
p € L®(Q) and that’s why we have also (RHS of (4.52)) € (W' (Q))* =
w € WH4(Q). As a consequence, from the continuity equation (4.2) we get
p € W1(Q).

Next step is to rewrite equation (4.53):

CAD(z) = t(S(w) L Vw — K (p)pw - Vz + K (p)w - Vp —

div ('w /OP K(t)dt) e’ — div (K(p)pw) ez> in €2, (4.55)

09(2)
on

= —cz —tL(e")(e* — b)) at 092,

where
P(z) = /o (1+e™)(e+e)dr.

We need to verify that ® is bounded. We multiply (4.52) by ® and integrate
over 2. It leads to

V|2 + /m (tL(e*) (€ — 00)@ + £2@) do < C|[RHS of (4.52)]|_+. || @]],.

Now we realize that ®(s) ~ es for s — —oo and ®(s) ~ ™V for s — oo;
from this fact we deduce that

/ (EL(e)(0 — 00)® + e5@)[1p<qydo > B — C

o0

/ (LL(e)(8 — 00)® + 25 T(gs0ydor = [|B]|; — C
o0

26



and therefore ||®||; 2 < C with C independent of ¢. This fact implies
Vo =e*Vz e L*(Q).

Consequently we have (using imbedding theorems) ® € W14(Q) for arbit-
rary ¢. Now, we are ready to show that ® € W29(Q) (the method is just
the same as in previous case, we use standard elliptic theory) and from this
fact we conclude that

2 € W(Q) — L>(Q),  Vze WH(Q) — L®(Q).
Using all these facts and equation (4.52) we get also
w € W>1(Q).
This finishes the proof of Theorem 4.2, because now we have
[wllar + [[2ll2r + 10]2r <€, 1T <7 <00,

where the constant C' does not depend on t. Moreover, § = e*, z € L, so
we have § > ¢(e) > 0.
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5 Proof II: Convergence

From estimates from Theorem 4.2 we know that there exists a subsequence
¢ — 0+ such that:

v.—v  in WhH(Q),
v, = v in L>(Q),
pe =" p_ in L=(Q),
By(pe) =" Bilp)  in L>(9),
K(pe)pe =" K(p)p  in L®(Q), (5.1)
K(pe) =" K(p)  in L=(),
JEK(t)dt = [ K(t)dt  in Le(9Q),
0. — 60  in WhH(Q), § < 1 arbitrary,
6.0  inLYQ),

where the bar over a quantity denotes its weak limit for ¢ — 0+.

(The first line is due to Theorem 2.8, the second we have from imbedding
theorems for Sobolev spaces (see Theorem 2.2). Third line is application of
Theorem 2.9. The last two lines are again due to Theorem 2.8. The four
lines between are a simple consequence of properties of weak-* limits.)

With this knowledge the limit of our problem looks a bit more friendly:

div(K (p)pv) =0 (52)

—div <2uD(v) +v(divo)I — Py(p)I - 9(/; Kﬁ)dt)l)* (5.3)
K(p)pv - Vv = K(p)pF

div((L+ 6™)V6) + 0(div v /0 " K (t)dt) + div(E (o) = 5

2/D(v)|? + v(div v)?

together with the boundary conditions (1.10) and (1.11); the fact that the
boundary conditions are fulfilled is not trivial and we will give further com-
ments on it at the end of this section.

Note that in the equation (5.3), especially in the last term on the LHS,
we used the fact that div(K(p)pv) = 0.
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Lemma 5.1 Under the assumptions of Theorem 3.2 and Theorem 4.2, we
have

lpelloe <k +1  and v, < CA+ETT +87),  (5.5)

where 6 < 1 arbitrarily small.
Proof. The bound on the density follows directly from Theorem 4.2 — the-

refore we are going to estimate the velocity. If we write the approximative
momentum equation (4.3) in the form

Pe
~ais(w) = =V (np) + o[ K@) + Ko
0
1 1
5 div (K(pg)psfv6 ® 'va) — §K(p€)p€'ve -V,
we can notice that

||'UE||1,q < C(HK(QE)PE'U& ® 'Ua||q + || K (pe)peve - VUEH%“‘

o (5.6)
1ol + 16| KO, + 1K (0P, ).
The bounds on the density and temperature yield
2 q=2 q—2
1Ps(pe)llg < [ Bolpe)llz 1P () lloc < O™ (5.7)
and )
€ 1
||9<—:(/0 K@®)dt)llq < Cllpllgrsll0llpqs < CkFas. (5.8)

(A1l these inequalities work for sufficiently large ¢ and k.) The only thing
that remains is to estimate the convective term:

22|~

1 (pe)peve @ vely + 1K (pe) peve - Ve 2 < Cllol[3,[1Po(p)]

I

from where we directly deduce (using equations (5.6), (5.7) and (5.8) and
also the fact that v > 2) the main bound

—2
[vc]l1y < CR™70 + K7°T).
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5.1 Convergence of the temperature
Lemma 5.2 There ezists a subsequence {s.} such that
8¢ — S in L*(Q),

consequently
0. — 0 in LI(QY) for q < oo,

where 6 > 0 a.e. in €.

Proof. From the previous sections we have

/ |Vs.|*dx +/ (e +e%*)do < C
Q o0

and especially

/]ng\zdx—i—/ |s:|?do < C.
Q 00

By the “definition” of equivalent norms in Sobolev spaces (see (2.4)) and by
the imbedding W2(Q2) << L?(Q) we know that there exists subsequence
s. — s in L?(Q2). Now we remember the fact that . = e* and 6. — 6 in
L(Q), see the last line of (5.1). Now we use Vitali’s theorem (Theorem 2.10)
to get

e’ — e’ in L9(Q)
and
0 =e* with s € L*(Q).
Thus 8 > 0 a.e. in 2 as s > —oo a.e. in (). O

5.2 Effective viscous flux

To prove the strong convergence of the density we need an interesting quan-
tity called effective viscous flux. To define it, we have to work with Helmholtz
decomposition of the velocity for a while:

v. = V1A, + V., (5.9)

where V+ = (—3%2, 8%1), the scalar function ¢. is given by the system

A¢p. = divw, in Q

5.10
09. =0 at 0f) ( )
on
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and the field A, is given by

AA, =rotv, = w, in Q

5.11
n-VtA. =0  at 09, (5:11)

where rotv. = 88”—;12 — %”—;21 (as we consider the two-dimensional case; note

that in 2D rot v, is scalar function). The basic estimates (following from the
the standard elliptic estimates) for A. and ¢ are

||VVLA8||q < CHWqu ”VQVLAqu < CHWEHLq

| | (5.12)
192,01, < Clldivedl, V%6l < Ol divo.|,.

We have (in a weak sense)

1 1
—pAw, = —3 rot div(K (p.)peve @ v) — 3 rot( K (p:)pev. - Voo )+

rot(K(p-)p-F)  inQ (513)
waz(Zx—z)vg-T at 0L,
U

where x is the curvature of 052, cf. [Mul].

The form of system (5.13) enables to state the following two problems
for we = w! + W
1

—pAw! = —5 rot (div(K (pe)p-v)v) in Q
wl=0 at 0€);

(5.14)

and

—1Aw? = —rot(K(p.)pv. - Vv.) + rot(K (p.) p-F) in Q
5.15
w? <2X — £> V.- T at 0€). (5.15)
i

e pu—
From these equations we get

lwllg < CIE (pe)peve @ vy < VEC(K) (5.16)
lwZlly < CL+ [Voell3 + 1K (pe)pell o)) < CKT o (5.17)

At the first relation we used the approximative continuity equation (4.2):

rot(div(K (pe)peve)v.) = rot(ve.eh + eApe + pe)
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and when estimating the term with Ap., we use the fact that /z||Vp.|| < C,
which imlpies also the presence of the square root in the estimate.

At last we are ready to introduce the fundamental quantity which is
in fact the potential part of the momentum equation: the effective viscous
flux. Using the Helmholtz decomposition in the approximative momentum
equation we have

V(=(2u +v)Ad: + P(pe,0:)) = MAVLA& + K (pe)pF
(5.18)

—K(pe)peve - Vo, — %de(ps)'vg + %5p€v5 — %5Ap5'u€.
We define
Ge = —(2u+v)Ade + P(pe, 0c) = —(2p + v) divo. + Ppe,0:)  (5.19)
and its limit version

G=—-2u+v)dive + P(p,0). (5.20)

In the following lemmae we prove fundamental properties of the effective
viscous flux.

Lemma 5.3
1Gloe < C(1+ k2t7) with n > 0 arbitrarily small, 1Gll. < C. (5.21)
Proof. We pass to the limit in (5.18), getting
V((=21+v)A¢ + P(p,0)) = pAV*+A+ K(p)pF — K(p)pv - Vv;

from this equation we estimate ||VG||, (¢ > 2):

IVG|l, < C(IAVEAlly + 1K (0)pF |l + 1K (p)pv - Vollg).
We still remember the results from Lemma 5.1 and so
— 3
IK (p)pv - Volly < C|[ V2] K (p)pllse < CE2*,

with 7 arbitrarily small for ¢ — 0 (the second term from the second inequa-
lity form (5.5) is very small for ¢ — 0). Finally, we have in the weak sense

—puAw = —rot(K(p)pv - Vv) — rot(K (p)pF) in Q2

w:<2x—i>v-7 at 02,
]
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thus

7 N 7 N 3
W]l < Clvllig + K (p)pv - Volly + [ K(p)pF|g) < Ck2™.

We also have (see (5.12))

||AVLA||C1 < O”VWHq?

all this, together with control of mean value of G (in fact, mean value of G
is mean value of P(p,#)) and Sobolev imbeddings finishes the proof of the
first inequality. The second inequality we get quickly due to the fact that

G2 < CUIVoll2 + [[P(p, 0)]]2)-

Lemma 5.4 We have (up to a subsequence € — 0+ ):

G. — G strongly in L*(Q)

Proof.

V(G. ~ Q) = (K(p.)p. ~ KIDAF ~ 5K (p:)pev. - V.-

1 -
3 div(K (p:)p-v. @ v.) + K(p)pv - Vo + pAV+(A, — A).

For the first term we have
(K(pe)pe = K(p)p)F =0 in LI() Vg < oo;

we know that for a general sequence

Vife—f)—0 inLYQ) = f.—f—const in LY(Q),

so the first term gives us strong convergence. The second “part” is

1 1
éK(ps)pE'u€ -V, — 3 div(K (pe)p-v: @ v.) + K(p)pv - Vv =

1
) div(K (pc)p-ve)ve + K(p:)pve - V. — K(p)pv - Vo,
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and for the first term it holds

1 . 1 1 1
3 div(K (pe)p-v-)v. = §5Ap€v€ ~ 5EPeve + §5hK(p)v€,

in which the first term converges to zero strongly in W12 (this determines
the space of convergence) and the other two terms converge to zero weakly in
L1(Q), g < oo (the same argument as above plus the fact that K (p.)p.v.-Vv.
is bounded in any L9(€2)).

At last we have to look on the last term of (5.23). We show that

v(wE o w) = Bal + Bgz:
where B! — 0 in L*(Q) and BZ — 0 in W~12(Q). We have
1 1
Alw: —w) = —3 rot(K (p:)pve - Vo) — 5 rot div(K (p.) pve @ v.)+
ot (K(p)pw - Vo) + rot(K(p:)p. — KGIPF)  in LA(Q)
f

ws—w:(2x——)(v5—'v)-7 at 092.
I

Now, as above,
K(p:)pev. - Vv, — K(p)pv - Vv = B! + B2

where B! — 0 strongly in W~12?(Q) and B? — 0 weakly in L*(2) (the first
term makes no trouble, the second one we again rewrite with a help of the
approximative continuity equation); the divergence for the rest of the terms
is just the same as above. Now, we recall that

IAVH(A: = All-12 < IV(we = w)l|-12
and from that we conclude that
AV*+(A, — A) = B! + B2,
where B! — 0in W~1%(Q) and B? — 0 in L*(Q2). Therefore, we get V(G. —
G) = G. — G — const. in L*(Q2). But we notice that

(6= Gyin = [ A=)+ [ (Plo..0) ~ Plo.0) =0
because

96,5 [ 2

dsS =0
90 (9’n a0 871

and the constant is zero. O
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5.3 Limit passage

Theorem 5.5 There exists sufficiently large ko > 0 such that for k > ko we

have
k—3

P33y > 14l (5.21)
and for a subsequence ¢ — 0+ it holds
1ir51Jr H{z e Q:p(x)>k—3}=0. (5.25)

In particular, K(p)p = p a.e. in Q.

Proof. We define a smooth function M : R — (0, 1) such that

1 for t<k-—3
M(t)=4¢ €(0,1) for k—-3<t<k-—2
0 for k—2<t

and M'(t) < 0 for t € (k — 3,k — 2). Now, we multiply the approximative
continuity equation (4.2) by M! (I € N) and integrate over €. As

8/ Ml(pg)Apde = _d/ Ml_l(pE)M/(pe)‘VpEFda} >0,
Q Q

pe ()
/ ( / thll(t)M’(t)dt> divv. > R,
Q 0

with R, — 0 as ¢ — 0. Now, we recall definitions of G and M to get

we get

—(k —3) /Q ( / e Zlel(t)M’(t)dt)P(pe,ee)dq;

0
< k:‘/ (/W) —lM"l(t)M’(t)dt)Gsdx‘ +R..
Q 0

Thus the properties of M lead us to the following inequality
k—3

5 (1=M"(pe)) P(pe, 0=)dx < / (1= M'(p.))|G:|dx+]|Re|.
{pe>k—3} {pe>k—3}
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From the explicit form of approximative pressure function (4.5) we see

k-3 E—3
——(k=3)"{p > k =3} - THP(PE,95)||2||Ml(pa)||2

k
< |[Gllosl{pe > k =3} + |G = Gells + | Re].

By inequality (5.21) (see Lemma 5.4) we are able to choose kg so large that
for all k > ko we have (5.24), |Gl < Ck2T and v > 2.

Therefore,
o € Q: pu(a) > k=3}] < C (IM(02) 2>ty + G = Cilliaiey + |BL]).
(5.26)
Now, for fixed > 0 there exists ¢g > 0 such that fo ¢ < g¢
0
C(||G_Ge||1+|RE|) <. (527)

2

We fix ¢ and then consider the sequence {M'(p.)I{,.>k—3} }ien, Where I4 is
the characteristic function of a set A. We see that it monotonely pointwise
converges to zero. Thus by the Lebesgue theorem we are able to find [ =
[(g,0) such that

5
CHMl(pE)||L2({ps>k—3}) < 5 (5.28)
From (5.26), (5.27) and (5.28) we obtain
lir% H{z € Q;p(x) > k—3} <6. (5.29)
As 0 > 0 is arbitrarily small, Theorem 5.5 is proved. O

Now we are finally going to prove pointwise convergence of the density.

Lemma 5.6 We have
/P(p,@)pde/Gpdx (5.30)
Q Q

and

/Qmpdx:/QGpdaz; (5.31)

P(p,0)p = P(p,0)p and up to a subsequence € — 0+

pe — p strongly in L(Q)  for any q < oc. (5.32)
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Proof. Due to Theorem 5.5 we are able to omit K(p) from the limit equation.
We test the approximative continuity equation (4.2) by In(k+1) —In(p-+
9) for 6 > 0. It holds

1
/ eAp.(In(k + 1) — In(p- + 9))dz = 5/ Vp.|? dx >0,
Q Q pe +0

and thus
/Q (div(K (pe)p=ve) + epe — ehK(pe)) (In(k + 1) — In(p- + 0)) dz > 0;

the meaning of this is

/Q K(pg)pev€~pv_'p_€ i > /Q (ehK (p.) — £p.) (In(k + 1) — In(p. + 5)) da.

£

The next step is to pass with 6 — 0+. During this operation, the only
trouble-making term is the first one on the RHS — we have to realize this:

k+1
0 S /QShK(pE) In ml{pe<k+%}d1) S

Vpe k+1 k+1
K(p)pove - 22 4 epo CehK(p)Wm S, ) d
/Q( (pe)peve - D75 epeln g —eh ) {’)52“5}) )

where 14 denotes the characteristic function of a set A, and the Fatou lemma
then implies

k+1

/ K(p.)v. - Vpodz > / (1= K(p))v. - Vpeda + / K (p)In "L
Q Q Q e

k+1 pe k+1
5/ pe In i dx > —/ (/ (1-— K(t))dt) divv.dr — 5/ pe In i dx
Q Pe Q \Jo Q Pe

because the middle term is nonnegative. This finally implies (as div v, is
bounded in L? and [{z € Q: p(x) > k}| — 0)

—/psdivvs > R.,
Q

where R, — 0 as ¢ — 0.
From the definition of GG, we have

/P(p8706)padw+Re S/Gepedl'
Q Q
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and now we recall that R. — 0 for ¢ — 0, so we get

/P(p,@)pd:ﬁg/Gpda:.
Q 0

Next, we consider the limit to the continuity equation:
div(pv) = 0.
We use Lemma 2.11 (its assumptions are fulfilled) to find p,, and to see, that
/ div(p,v)dx = / pnv - ndS = 0.
Q Q

Thus
/(pn divo 4+ v - Vp,)dz = 0
Q

and passing with n — oo we get

/(pdivv+v -Vp)dz = 0.
Q

Pn is constructed using partition of the unity and the Friedrich’s lemma; we
have p, € (0,k + 1). We take 6 > 0 and test the continuity equation by
—In —— and we get

) pv -V,
0=— v-Vin dx:/—d:c
/Qp 0+ pn Q Pnt0

and passing with n — oo we get

p
= - Vpdz.
0 /Qp—l—5v Vpdzx

Finally, passing with 6 — 0 we get

/ pdivvdz = 0,
Q

and from the definition of G we get

/P(p,@)pdx:/Gpdm.
Q Q
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The elementary properties of weak limits gives us pP(p, 0
)

< P(p,0)p a.e.
in ©, but (5.30) and (5.31) implies [,(P(p,8)p — P(p,0)p)dz <0,

)
d hence

pP(p,0) = P(p,0)p a.e., ie. ptl4p20=0pTp+p%0 ae.

The same elementary properties tell us that p7+1 > p7p and p26 > p?6, so

't =pTp  ae. and 020 = p*0  a.e.

From Lemma 5.2 we know that # > 0 a.e. and thus p? = p? and for a
subsequence

lim [|p: — plf3 = p? = p* = 0. (5.33)

OJ

The only detail that remains to solve before finishing the proof of The-

orem 3.2 is the rest of the convergencies. First, due to Theorem 5.5 and
Lemma 5.2 we have

P(p.,0.) — p(p,0)  strongly in L*(Q).
From this equation and from (5.22) we deduce that
divv, — divw strongly in L*(Q). (5.34)
Additionaly, from the properties of the vorticity we already know that
rot v, — rotv strongly in L*(Q2). (5.35)
All this together with the regularity of (5.10) and (5.11) gives us
v, — v strongly in W'?(Q). (5.36)
In particular
S(v.) : Vv. — S(v) : Vv strongly at least in L'(€2). (5.37)
Now, it is time for a little summary. We know, that

pe — p  in LY(Q) for ¢ < 0o

v, — U in L9(€2) for ¢ < o0

0. — 0 in L9(Q) for ¢ < oo (5.38)
6. — 6  in WH(Q)if m > 2

0. =60  in WHT(Q) for 6 < 1if m > 2.
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We return to the approximative energy equation (4.4):

/( L gmEtbegy, . V¢dx+/ L(6.)(6. — 90)¢d0+/ e In 6. pdo—
Q

[2/9] o0

0.
,06(95
(( dt) -V(0-0) + K(p:)peve - V(@aqﬁ)) dz+

pe(x)
/ (K(pa)pgfvE - V0.0 + div(6.v.9) / K(t)dt) dr =
Q 0

/ S(ve) : Vu.pdx.
’ (5.39)
From (5.38) we see that
e+ 0.

(14 67) V0. —~ (1+60™Ve  in L'(Q)

and passing to the limit Wlth the last four terms of LHS of (5.39) we get
(using the strong convergence of the density)

/ (—pvV(00) — pvV (09) + ppvVO + div(6pv)p) dx
@ (5.40)

_ / (—phv - Vo + pf div ve) d
Q

To pass with the boundary term we have to use some interpolation argument
(recall that 6, — 6 in any L9(Q)):

[ < elwel e,

which implies

l

_1
160 = 013 0 < eIV (0 — 0157716 — 07

q 1
where the first term is bounded and the second one converges — therefore
the boundary term also converges.

The very last thing to do is to prove that the limit functions 6 € W1?(Q)
and v € WHP(Q2). To make so we use the same method as in Subsection 4.2
— we use as test function

B(0) = /06(1 +t™)dt
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and we immediately see that § € L>*(Q) and v € WP(Q) for p < oo.
One more iteration in the energy equation and we see that 6 € W1r(Q) for
p < oo. This finally finishes the proof of Theorem 3.2.
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6 Conclusions

In this whole work we focused our attention to steady Navier—Stokes—Fourier
equations. The equations (including boundary slip conditions and consti-
tutive equations) are stated in (1.1)—(1.13). They describe steady flow of
compressible gas in a bounded two-dimensional domain Q € C2.

We have proved that our problem has at least one weak solution, at
least if we consider v > 2 and m > % The solution (p, v, 0) is such that
p€L®(Q),veWh(Q) and § € WH4(Q) for all 1 < ¢ < oo.

To get this fine result we used several methods from the mathematical
theory of PDEs: we had to define an approximation to the original problem,
using additional function K(p) (defined in (4.1)), which was designed to
allow us to prove some a priori estimates — in fact, we got density bounds
immediately; on the other hand, later we had to show that under some
conditions K(p) = 1.

Next step was to prove existence results for the approximative problem.
We did so with strong help of Leray—Schauder fixed-point theorem: We used
the equations to construct two operators (defined in (4.45) and (4.47)). One
of them helped us to prove the existence of the density, while the other
was good to show that velocity field and temperature also exist. These two
operators also gave us some idea about “regularity” of solution to the appro-
ximative problem and therefore we could proceed to prove that the solution
of the approximative problem has everything in common with the solution
of the original problem.

Next step was to prove the convergence. The convergence of the tem-
perature was almost no problem, but the density was harder. We defined a
quantity called effective viscous flux (see (5.19)) and showed that it is boun-
ded and that it converges strongly in L?. Then we used the effective viscous
flux to prove strong convergence of the density (which was impossible earlier
as we had only w*-convergence) and after that we concluded by showing the
strong convergence of the velocity.

Therefore we found that the solution of the approximative system con-
verges strongly to the solution of the original problem, which provided us
sought information, and thus we proved Theorem 3.2.
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