
33. ročník MO, úloha A‑I‑6

Nech (𝐴𝑖)∞𝑖=0 a (𝐵𝑖)∞𝑖=0 sú postupnosti rôznych bodov také, že pre každé 𝑖 z ℕ je 𝐴𝑖𝐴𝑖+1𝐵𝑖+1𝐵𝑖 je štvorec, ktorý
označı́me 𝒬𝑖 . Pod 𝑛‑rebríkom budeme rozumieť množinu úsečiek 𝐴𝑖𝐵𝑖 , kde 𝑖 ∈ {0, … , 𝑛}, a 𝐴𝑖𝐴𝑖+1 a 𝐵𝑖𝐵𝑖+1, kde
𝑖 ∈ {0, … , 𝑛 − 1}. Niektoré z úsečiek tohto 𝑛‑rebrı́ka sú ofarbené. Nech pre každé 𝑛 z ℕ je 𝑝𝑛 počet všetkých takých
ofarbenı́ 𝑛‑rebrı́ka, že každý zo štvorcov 𝒬0, …, 𝒬𝑛−1 má aspoň jednu stranu ofarbenú.

a) Určte najmenšie prirodzené čı́slo 𝑛 také, že 𝑝𝑛 > 106.

b) Dokážte, že pre každé prirodzené čı́slo 𝑛 je 𝑝𝑛+1 nepárne čı́slo.

Riešenie
Rozoberme prı́pady:

• Nech 𝑛 = 0.
Potom 𝑝𝑛 je počet vyhovujúcich ofarbenı́ strán úsečky 𝐴0𝐵0, takže 𝑝0 = 2.

• Nech 𝑛 = 1.
Potom 𝑝𝑛 čiže 𝑝1 je počet vyhovujúcich ofarbenı́ strán štvorca 𝒬0, čo zodpovedá počtu neprázdnych podm‑
nožı́n 4‑prvkovej množiny, takže 𝑝𝑛 = 24 − 1 = 15.

• Nech 𝑛 ≥ 2.
Vyhovujúce ofarbenia rozdeľme do dvoch disjunktných skupı́n:

• Nech je ofarbená aspoň jedna zo strán 𝐴𝑛−1𝐴𝑛 , 𝐴𝑛𝐵𝑛 , 𝐵𝑛𝐵𝑛−1.
Existuje teda 23 − 1 čiže 7 ich ofarbenı́. Každé z nich možno skombinovať s ľubovoľným vyhovujúcim
ofarbenı́m strán štvorcov 𝒬0, …, 𝒬𝑛−1, počet vyhovujúcich ofarbenı́ tohto typu je teda 7𝑝𝑛−1.

• Nech nie je ofarbená žiadna zo strán 𝐴𝑛−1𝐴𝑛 , 𝐴𝑛𝐵𝑛 , 𝐵𝑛𝐵𝑛−1.
Potom musı́ byť ofarbená strana 𝐴𝑛−1𝐵𝑛−1. Strany 𝐴𝑛−2𝐴𝑛−1 a 𝐵𝑛−2𝐵𝑛−1 môžu byť potom ofarbené
ľubovoľne, existujú teda 2 ⋅ 2 čiže 4 ich ofarbenia. Každé z nich možno skombinovať s ľubovoľným vy‑
hovujúcim ofarbenı́m strán štvorcov 𝒬0, …, 𝒬𝑛−2, počet vyhovujúcich ofarbenı́ tohto typu je teda 4𝑝𝑛−2.

Zhrnutı́m tak dostávame 𝑝𝑛 = 7𝑝𝑛−1 + 4𝑝𝑛−2.

Platı́ teda:

1 • 𝑝0 = 2.
• 𝑝1 = 15.

2 Ak 𝑛 ∈ ℕ, tak 𝑝𝑛+2 = 7𝑝𝑛+1 + 4𝑝𝑛 .

a) Postupne platı́:

• 𝑝0 = 2 ≤ 106.
• 𝑝1 = 15 ≤ 106.
• 𝑝2 = 7𝑝1 + 4𝑝0 = 7 ⋅ 15 + 4 ⋅ 2 = 105 + 8 = 113 ≤ 106.
• 𝑝3 = 7𝑝2 + 4𝑝1 = 7 ⋅ 113 + 4 ⋅ 15 = 791 + 60 = 851 ≤ 106.
• 𝑝4 = 7𝑝3 + 4𝑝2 = 7 ⋅ 851 + 4 ⋅ 113 = 5957 + 452 = 6409 ≤ 106.
• 𝑝5 = 7𝑝4 + 4𝑝3 = 7 ⋅ 6 409 + 4 ⋅ 851 = 44863 + 3404 = 48267 ≤ 106.
• 𝑝6 = 7𝑝5 + 4𝑝4 = 7 ⋅ 48 267 + 4 ⋅ 6 409 = 337869 + 25636 = 363505 ≤ 106.
• 𝑝7 = 7𝑝5 + 4𝑝4 = 7 ⋅ 363 505 + 4 ⋅ 48 267 = 2544535 + 193068 = 2737603 > 106.

Hľadané najmenšie čı́slo je teda 7.

b) Indukciou dokážeme, že ak je 𝑛 prirodzené čı́slo, tak 𝑝𝑛+1 je nepárne čı́slo. Tvrdenie dokážeme indukciou:

1 𝑝1 = 15, čo je nepárne čı́slo.
2 Nech je 𝑛 kladné prirodzené čı́slo také, že 𝑝𝑛+1 je nepárne čı́slo. Potom aj 7𝑝𝑛+1 je nepárne čı́slo, a keďže
4𝑝𝑛 je párne čı́slo, čı́slo 7𝑝𝑛+1 + 4𝑝𝑛 čiže 𝑝𝑛+2 je nepárne čı́slo.



Poznámka
Aj keď to úloha nevyžaduje, ukážeme explicitné vyjadenie členov tejto postupnosti. Začneme však trochu všeeobec‑
nejšie:
Pod „našou“ postupnosťou bude rozumieť každú postupnosť (𝑎𝑛 ∶ 𝑛 ∈ ℕ) takú, že pre každé prirodzené čı́slo 𝑛
platı́ 𝑎𝑛+2 = 𝑎𝑛+1 + 𝑎𝑛 .
Zistime najprv, ako vyzerajú všetky „naše“ postupnosti, ktoré sú geometrické. Nech teda existujú nenulové čı́sla 𝑡
a 𝑞 také, že pre každé 𝑛 z ℕ platı́ 𝑎𝑛 = 𝑡𝑞𝑛 . Potom

𝑡𝑞2 = 𝑡𝑞1 + 𝑡𝑞0,

ekvivalentne
𝑞2 = 𝑞1 + 𝑞0,
𝑞2 = 𝑞 + 1,
𝑞2 − 𝑞 − 1,

𝑞 ∈ ൝1 − √5
2 , 1 + √5

2 ൡ .

V takom prı́pade naozaj platı́
𝑡𝑞2 = 𝑡𝑞1 + 𝑡𝑞0,

takže (po vynásobenı́ 𝑞𝑛)
𝑡𝑞𝑛+2 = 𝑡𝑞𝑛+1 + 𝑡𝑞𝑛 .

Navyše takáto postupnosť je „naša“ aj v prı́pade 𝑡 = 0, lebo vtedy

0𝑞𝑛+2 = 0 = 0 + 0 = 0𝑞𝑛+1 + 0𝑞𝑛 .

Všimnime si, že sú postupnosti (𝑎𝑛 ∶ 𝑛 ∈ ℕ) a (𝑏𝑛 ∶ 𝑛 ∈ ℕ) naše, tak aj postupnosť (𝑎𝑛+𝑏𝑛 ∶ 𝑛 ∈ ℕ) je „naša“: Platı́
totiž

𝑎𝑛+2 + 𝑏𝑛+2 = (𝑎𝑛+1 + 𝑎𝑛) + (𝑏𝑛+1 + 𝑏𝑛) = (𝑎𝑛+1 + 𝑏𝑛+1) + (𝑎𝑛 + 𝑏𝑛).

Zhrnutı́m predchádzajúcich odsekov dostávame, že „naša“ je aj postupnosť
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+ 𝑑 ൭1 − √5
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𝑛

∶ 𝑛 ∈ ℕቍ ,

kde 𝑐 a 𝑑 sú ľubovoľné čı́sla.
Ukážeme, že tento tvarmajú všetky „naše“ postupnosti. Nech (𝑎𝑛 ∶ 𝑛 ∈ ℕ) je ľubovoľná „naša“ postupnosť. Nájdime
𝑐 a 𝑑 také, že
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t. j.
𝑎0 = 𝑐 + 𝑑,

𝑎1 = 𝑐 ൭1 + √5
2 ൱ + 𝑑 ൭1 − √5

2 ൱ .

Ide o sústavudvoch lineárnych rovnı́c s dvomaneznámymi, ktorámá jediné riešenie, lebopravá strana žiadnej z nich
nie je násobkom pravej strany druhej. Z prvej rovnice

𝑎0 − 𝑐 = 𝑑,

takže po dosadenı́ do druhej
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a potom
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Keďže „naša“ postuposť je jednoznačne určená svojı́m 0. a 1. členom, pre každé 𝑛 z ℕ dostávame
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V prı́pade „našej“ postupnosti (𝑝𝑛 ∶ 𝑛 ∈ ℕ)máme 𝑝0 = 2 a 𝑝1 = 15, takže
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Poznámka
Aj Fibonacciho postupnosť Fib je „naša“. V jej prı́pade Fib0 = 0 a Fib1 = 1, takže

Fib𝑛

= 1
√5

ቌ൭0൭√5 − 1
2 ൱ + 1൱൭1 + √5

2 ൱
𝑛

+ ൭0൭√5 + 1
2 ൱ − 1൱൭1 − √5

2 ൱
𝑛

ቍ

= 1
√5

ቌ(0 + 1)൭1 + √5
2 ൱

𝑛

+ (0 − 1)൭1 − √5
2 ൱

𝑛

ቍ



= 1
√5

ቌ1൭1 + √5
2 ൱

𝑛

+ (−1)൭1 − √5
2 ൱

𝑛

ቍ

= 1
√5

ቌ൭1 + √5
2 ൱

𝑛

− ൭1 − √5
2 ൱

𝑛

ቍ .



33. ročník MO, úloha A‑I‑4

Určte najväčšie prirodzené čı́slo 𝑛 také, že existuje konvexný 𝑛‑uholnı́k, ktorý je zjednotenı́m konečného počtu
vzájomne sa neprekrývajúcich pravouhlých trojuholnı́kov s ostrými uhlami 30∘ a 60∘.

Riešenie
Každý z uhlov ľubovoľného vyhovujúceho 𝑛‑uholnı́ka je zjednotenı́m konečného počtu neprekrývajúcich sa uhlov
veľkostı́ 30∘, 60∘ alebo 90∘. Jeho veľkosť je teda celočı́selný násobok 30∘ menšı́ než 180∘, takže je to najviac 150∘.
Pretože súčet jeho uhlov je (𝑛 − 2) ⋅ 180∘, platı́

(𝑛 − 2) ⋅ 180∘ ≤ 𝑛 ⋅ 150∘,

180(𝑛 − 2) ≤ 150𝑛,
180𝑛 − 360 ≤ 150𝑛,

30𝑛 ≤ 360,
𝑛 ≤ 12.

Ako vidieť z nasledujúceho obrázku, vyhovujúci 12‑uholnı́k naozaj existuje:



33. ročník MO, úloha A‑III‑1

Nech 𝑆 je stred kocky 𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻. Nájdite všetky prirodzené čı́sla 𝑘, pre ktoré existuje rovina neobsahujúca bod 𝑆
a pretı́najúca práve 𝑘 z polpriamok 𝑆𝐴, 𝑆𝐵, 𝑆𝐶, 𝑆𝐷, 𝑆𝐸, 𝑆𝐹, 𝑆𝐺, 𝑆𝐻.

Riešenie
Keďže štyri priamky 𝐴𝐺, 𝐵𝐻, 𝐶𝐸, 𝐷𝐹 sa pretı́najú v bode 𝑆 a žiadne tri z nich neležia v jednej rovine, každá rovina
neprechádzajúca bodom 𝑆 je rovnobežná s najviac dvoma z nich, a teda so zvyšnými aspoň dvoma je rôznobežná.
Platı́ teda 𝑘 ≥ 2.
Keďže polpriamky 𝑆𝐴 a 𝑆𝐺 sú navzájom opačné, žiadna rovina neprechádzajúca bodom 𝑆 ich nemôže obe pretı́nať.
To isté platı́ aj pre zvyšné tri dvojice polpriamok 𝑆𝐵 a 𝑆𝐻, 𝑆𝐶 a 𝑆𝐸, 𝑆𝐷 a 𝑆𝐹, takže 𝑘 ≤ 4.

Platı́ teda 𝑘 ∈ {2, 3, 4}, ukážeme, že všetky tieto čı́sla vyhovujú:

• Rovina rovnobežná s rovinou 𝐴𝐵𝐺𝐻 prechádzajúca priamkou 𝐸𝐹 pretı́na práve 2 polpriamky 𝑆𝐸 a 𝑆𝐹.

• Rovina rovnobežná s priamkou 𝐴𝐺 prechádzajúca priamkou 𝐹𝐻 pretı́na práve 3 polpriamky 𝑆𝐸, 𝑆𝐹 a 𝑆𝐻.

• Rovina steny 𝐸𝐹𝐺𝐻 pretı́na práve 4 polpriamky 𝑆𝐸, 𝑆𝐹, 𝑆𝐺, 𝑆𝐻.

Vyhovujú teda práve čı́sla 2, 3, 4.


////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012--today, Alexander Grahn
//
// 3Dmenu.js
//
// version 20140923
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript used by media9.sty
//
// Extended functionality of the (right click) context menu of 3D annotations.
//
//  1.) Adds the following items to the 3D context menu:
//
//   * `Generate Default View'
//
//      Finds good default camera settings, returned as options for use with
//      the \includemedia command.
//
//   * `Get Current View'
//
//      Determines camera, cross section and part settings of the current view,
//      returned as `VIEW' section that can be copied into a views file of
//      additional views. The views file is inserted using the `3Dviews' option
//      of \includemedia.
//
//   * `Cross Section'
//
//      Toggle switch to add or remove a cross section into or from the current
//      view. The cross section can be moved in the x, y, z directions using x,
//      y, z and X, Y, Z keys on the keyboard, be tilted against and spun
//      around the upright Z axis using the Up/Down and Left/Right arrow keys
//      and caled using the s and S keys.
//
//  2.) Enables manipulation of position and orientation of indiviual parts and
//      groups of parts in the 3D scene. Parts which have been selected with the
//      mouse can be scaled moved around and rotated like the cross section as
//      described above. To spin the parts around their local up-axis, keep
//      Control key pressed while using the Up/Down and Left/Right arrow keys.
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
// The code borrows heavily from Bernd Gaertners `Miniball' software,
// originally written in C++, for computing the smallest enclosing ball of a
// set of points; see: http://www.inf.ethz.ch/personal/gaertner/miniball.html
//
////////////////////////////////////////////////////////////////////////////////
//host.console.show();

//constructor for doubly linked list
function List(){
  this.first_node=null;
  this.last_node=new Node(undefined);
}
List.prototype.push_back=function(x){
  var new_node=new Node(x);
  if(this.first_node==null){
    this.first_node=new_node;
    new_node.prev=null;
  }else{
    new_node.prev=this.last_node.prev;
    new_node.prev.next=new_node;
  }
  new_node.next=this.last_node;
  this.last_node.prev=new_node;
};
List.prototype.move_to_front=function(it){
  var node=it.get();
  if(node.next!=null && node.prev!=null){
    node.next.prev=node.prev;
    node.prev.next=node.next;
    node.prev=null;
    node.next=this.first_node;
    this.first_node.prev=node;
    this.first_node=node;
  }
};
List.prototype.begin=function(){
  var i=new Iterator();
  i.target=this.first_node;
  return(i);
};
List.prototype.end=function(){
  var i=new Iterator();
  i.target=this.last_node;
  return(i);
};
function Iterator(it){
  if( it!=undefined ){
    this.target=it.target;
  }else {
    this.target=null;
  }
}
Iterator.prototype.set=function(it){this.target=it.target;};
Iterator.prototype.get=function(){return(this.target);};
Iterator.prototype.deref=function(){return(this.target.data);};
Iterator.prototype.incr=function(){
  if(this.target.next!=null) this.target=this.target.next;
};
//constructor for node objects that populate the linked list
function Node(x){
  this.prev=null;
  this.next=null;
  this.data=x;
}
function sqr(r){return(r*r);}//helper function

//Miniball algorithm by B. Gaertner
function Basis(){
  this.m=0;
  this.q0=new Array(3);
  this.z=new Array(4);
  this.f=new Array(4);
  this.v=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.a=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.c=new Array(new Array(3), new Array(3), new Array(3), new Array(3));
  this.sqr_r=new Array(4);
  this.current_c=this.c[0];
  this.current_sqr_r=0;
  this.reset();
}
Basis.prototype.center=function(){return(this.current_c);};
Basis.prototype.size=function(){return(this.m);};
Basis.prototype.pop=function(){--this.m;};
Basis.prototype.excess=function(p){
  var e=-this.current_sqr_r;
  for(var k=0;k<3;++k){
    e+=sqr(p[k]-this.current_c[k]);
  }
  return(e);
};
Basis.prototype.reset=function(){
  this.m=0;
  for(var j=0;j<3;++j){
    this.c[0][j]=0;
  }
  this.current_c=this.c[0];
  this.current_sqr_r=-1;
};
Basis.prototype.push=function(p){
  var i, j;
  var eps=1e-32;
  if(this.m==0){
    for(i=0;i<3;++i){
      this.q0[i]=p[i];
    }
    for(i=0;i<3;++i){
      this.c[0][i]=this.q0[i];
    }
    this.sqr_r[0]=0;
  }else {
    for(i=0;i<3;++i){
      this.v[this.m][i]=p[i]-this.q0[i];
    }
    for(i=1;i<this.m;++i){
      this.a[this.m][i]=0;
      for(j=0;j<3;++j){
        this.a[this.m][i]+=this.v[i][j]*this.v[this.m][j];
      }
      this.a[this.m][i]*=(2/this.z[i]);
    }
    for(i=1;i<this.m;++i){
      for(j=0;j<3;++j){
        this.v[this.m][j]-=this.a[this.m][i]*this.v[i][j];
      }
    }
    this.z[this.m]=0;
    for(j=0;j<3;++j){
      this.z[this.m]+=sqr(this.v[this.m][j]);
    }
    this.z[this.m]*=2;
    if(this.z[this.m]<eps*this.current_sqr_r) return(false);
    var e=-this.sqr_r[this.m-1];
    for(i=0;i<3;++i){
      e+=sqr(p[i]-this.c[this.m-1][i]);
    }
    this.f[this.m]=e/this.z[this.m];
    for(i=0;i<3;++i){
      this.c[this.m][i]=this.c[this.m-1][i]+this.f[this.m]*this.v[this.m][i];
    }
    this.sqr_r[this.m]=this.sqr_r[this.m-1]+e*this.f[this.m]/2;
  }
  this.current_c=this.c[this.m];
  this.current_sqr_r=this.sqr_r[this.m];
  ++this.m;
  return(true);
};
function Miniball(){
  this.L=new List();
  this.B=new Basis();
  this.support_end=new Iterator();
}
Miniball.prototype.mtf_mb=function(it){
  var i=new Iterator(it);
  this.support_end.set(this.L.begin());
  if((this.B.size())==4) return;
  for(var k=new Iterator(this.L.begin());k.get()!=i.get();){
    var j=new Iterator(k);
    k.incr();
    if(this.B.excess(j.deref()) > 0){
      if(this.B.push(j.deref())){
        this.mtf_mb(j);
        this.B.pop();
        if(this.support_end.get()==j.get())
          this.support_end.incr();
        this.L.move_to_front(j);
      }
    }
  }
};
Miniball.prototype.check_in=function(b){
  this.L.push_back(b);
};
Miniball.prototype.build=function(){
  this.B.reset();
  this.support_end.set(this.L.begin());
  this.mtf_mb(this.L.end());
};
Miniball.prototype.center=function(){
  return(this.B.center());
};
Miniball.prototype.radius=function(){
  return(Math.sqrt(this.B.current_sqr_r));
};

//functions called by menu items
function calc3Dopts () {
  //create Miniball object
  var mb=new Miniball();
  //auxiliary vector
  var corner=new Vector3();
  //iterate over all visible mesh nodes in the scene
  for(i=0;i<scene.meshes.count;i++){
    var mesh=scene.meshes.getByIndex(i);
    if(!mesh.visible) continue;
    //local to parent transformation matrix
    var trans=mesh.transform;
    //build local to world transformation matrix by recursively
    //multiplying the parent's transf. matrix on the right
    var parent=mesh.parent;
    while(parent.transform){
      trans=trans.multiply(parent.transform);
      parent=parent.parent;
    }
    //get the bbox of the mesh (local coordinates)
    var bbox=mesh.computeBoundingBox();
    //transform the local bounding box corner coordinates to
    //world coordinates for bounding sphere determination
    //BBox.min
    corner.set(bbox.min);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //BBox.max
    corner.set(bbox.max);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    //remaining six BBox corners
    corner.set(bbox.min.x, bbox.max.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.min.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.min.y, bbox.max.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
    corner.set(bbox.max.x, bbox.max.y, bbox.min.z);
    corner.set(trans.transformPosition(corner));
    mb.check_in(new Array(corner.x, corner.y, corner.z));
  }
  //compute the smallest enclosing bounding sphere
  mb.build();
  //
  //current camera settings
  //
  var camera=scene.cameras.getByIndex(0);
  var res=''; //initialize result string
  //aperture angle of the virtual camera (perspective projection) *or*
  //orthographic scale (orthographic projection)
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov*180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('\n3Daac=%s,', aac);
  }else{
      camera.viewPlaneSize=2.*mb.radius();
      res+=host.util.printf('\n3Dortho=%s,', 1./camera.viewPlaneSize);
  }
  //camera roll
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('\n3Droll=%s,',roll);
  //target to camera vector
  var c2c=new Vector3();
  c2c.set(camera.position);
  c2c.subtractInPlace(camera.targetPosition);
  c2c.normalize();
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('\n3Dc2c=%s %s %s,', c2c.x, c2c.y, c2c.z);
  //
  //new camera settings
  //
  //bounding sphere centre --> new camera target
  var coo=new Vector3();
  coo.set((mb.center())[0], (mb.center())[1], (mb.center())[2]);
  if(coo.length)
    res+=host.util.printf('\n3Dcoo=%s %s %s,', coo.x, coo.y, coo.z);
  //radius of orbit
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var roo=mb.radius()/ Math.sin(aac * Math.PI/ 360.);
  }else{
    //orthographic projection
    var roo=mb.radius();
  }
  res+=host.util.printf('\n3Droo=%s,', roo);
  //update camera settings in the viewer
  var currol=camera.roll;
  camera.targetPosition.set(coo);
  camera.position.set(coo.add(c2c.scale(roo)));
  camera.roll=currol;
  //determine background colour
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('\n3Dbg=%s %s %s,', rgb.r, rgb.g, rgb.b);
  //determine lighting scheme
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+=host.util.printf('\n3Dlights=%s,', curlights);
  //determine global render mode
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      currender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      currender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      currender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      currender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      currender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      currender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      currender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      currender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      currender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      currender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      currender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      currender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      currender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      currender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      currender='HiddenWireframe';break;
  }
  if(currender!='Solid')
    res+=host.util.printf('\n3Drender=%s,', currender);
  //write result string to the console
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Copy and paste the following text to the\n'+
    '%% option list of \\includemedia!\n%%' + res + '\n');
}

function get3Dview () {
  var camera=scene.cameras.getByIndex(0);
  var coo=camera.targetPosition;
  var c2c=camera.position.subtract(coo);
  var roo=c2c.length;
  c2c.normalize();
  var res='VIEW%=insert optional name here\n';
  if(!(coo.x==0 && coo.y==0 && coo.z==0))
    res+=host.util.printf('  COO=%s %s %s\n', coo.x, coo.y, coo.z);
  if(!(c2c.x==0 && c2c.y==-1 && c2c.z==0))
    res+=host.util.printf('  C2C=%s %s %s\n', c2c.x, c2c.y, c2c.z);
  if(roo > 1e-9)
    res+=host.util.printf('  ROO=%s\n', roo);
  var roll = camera.roll*180/Math.PI;
  if(host.util.printf('%.4f', roll)!=0)
    res+=host.util.printf('  ROLL=%s\n', roll);
  if(camera.projectionType==camera.TYPE_PERSPECTIVE){
    var aac=camera.fov * 180/Math.PI;
    if(host.util.printf('%.4f', aac)!=30)
      res+=host.util.printf('  AAC=%s\n', aac);
  }else{
    if(host.util.printf('%.4f', camera.viewPlaneSize)!=1)
      res+=host.util.printf('  ORTHO=%s\n', 1./camera.viewPlaneSize);
  }
  rgb=scene.background.getColor();
  if(!(rgb.r==1 && rgb.g==1 && rgb.b==1))
    res+=host.util.printf('  BGCOLOR=%s %s %s\n', rgb.r, rgb.g, rgb.b);
  switch(scene.lightScheme){
    case scene.LIGHT_MODE_FILE:
      curlights='Artwork';break;
    case scene.LIGHT_MODE_NONE:
      curlights='None';break;
    case scene.LIGHT_MODE_WHITE:
      curlights='White';break;
    case scene.LIGHT_MODE_DAY:
      curlights='Day';break;
    case scene.LIGHT_MODE_NIGHT:
      curlights='Night';break;
    case scene.LIGHT_MODE_BRIGHT:
      curlights='Hard';break;
    case scene.LIGHT_MODE_RGB:
      curlights='Primary';break;
    case scene.LIGHT_MODE_BLUE:
      curlights='Blue';break;
    case scene.LIGHT_MODE_RED:
      curlights='Red';break;
    case scene.LIGHT_MODE_CUBE:
      curlights='Cube';break;
    case scene.LIGHT_MODE_CAD:
      curlights='CAD';break;
    case scene.LIGHT_MODE_HEADLAMP:
      curlights='Headlamp';break;
  }
  if(curlights!='Artwork')
    res+='  LIGHTS='+curlights+'\n';
  switch(scene.renderMode){
    case scene.RENDER_MODE_BOUNDING_BOX:
      defaultrender='BoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
      defaultrender='TransparentBoundingBox';break;
    case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
      defaultrender='TransparentBoundingBoxOutline';break;
    case scene.RENDER_MODE_VERTICES:
      defaultrender='Vertices';break;
    case scene.RENDER_MODE_SHADED_VERTICES:
      defaultrender='ShadedVertices';break;
    case scene.RENDER_MODE_WIREFRAME:
      defaultrender='Wireframe';break;
    case scene.RENDER_MODE_SHADED_WIREFRAME:
      defaultrender='ShadedWireframe';break;
    case scene.RENDER_MODE_SOLID:
      defaultrender='Solid';break;
    case scene.RENDER_MODE_TRANSPARENT:
      defaultrender='Transparent';break;
    case scene.RENDER_MODE_SOLID_WIREFRAME:
      defaultrender='SolidWireframe';break;
    case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
      defaultrender='TransparentWireframe';break;
    case scene.RENDER_MODE_ILLUSTRATION:
      defaultrender='Illustration';break;
    case scene.RENDER_MODE_SOLID_OUTLINE:
      defaultrender='SolidOutline';break;
    case scene.RENDER_MODE_SHADED_ILLUSTRATION:
      defaultrender='ShadedIllustration';break;
    case scene.RENDER_MODE_HIDDEN_WIREFRAME:
      defaultrender='HiddenWireframe';break;
  }
  if(defaultrender!='Solid')
    res+='  RENDERMODE='+defaultrender+'\n';

  //detect existing Clipping Plane (3D Cross Section)
  var clip=null;
  if(
    clip=scene.nodes.getByName('$$$$$$')||
    clip=scene.nodes.getByName('Clipping Plane')
  );
  for(var i=0;i<scene.nodes.count;i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd==clip||nd.name=='') continue;
    var ndUTFName='';
    for (var j=0; j<nd.name.length; j++) {
      var theUnicode = nd.name.charCodeAt(j).toString(16);
      while (theUnicode.length<4) theUnicode = '0' + theUnicode;
      ndUTFName += theUnicode;
    }
    var end=nd.name.lastIndexOf('.');
    if(end>0) var ndUserName=nd.name.substr(0,end);
    else var ndUserName=nd.name;
    respart='  PART='+ndUserName+'\n';
    respart+='    UTF16NAME='+ndUTFName+'\n';
    defaultvals=true;
    if(!nd.visible){
      respart+='    VISIBLE=false\n';
      defaultvals=false;
    }
    if(nd.opacity<1.0){
      respart+='    OPACITY='+nd.opacity+'\n';
      defaultvals=false;
    }
    if(nd.constructor.name=='Mesh'){
      currender=defaultrender;
      switch(nd.renderMode){
        case scene.RENDER_MODE_BOUNDING_BOX:
          currender='BoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX:
          currender='TransparentBoundingBox';break;
        case scene.RENDER_MODE_TRANSPARENT_BOUNDING_BOX_OUTLINE:
          currender='TransparentBoundingBoxOutline';break;
        case scene.RENDER_MODE_VERTICES:
          currender='Vertices';break;
        case scene.RENDER_MODE_SHADED_VERTICES:
          currender='ShadedVertices';break;
        case scene.RENDER_MODE_WIREFRAME:
          currender='Wireframe';break;
        case scene.RENDER_MODE_SHADED_WIREFRAME:
          currender='ShadedWireframe';break;
        case scene.RENDER_MODE_SOLID:
          currender='Solid';break;
        case scene.RENDER_MODE_TRANSPARENT:
          currender='Transparent';break;
        case scene.RENDER_MODE_SOLID_WIREFRAME:
          currender='SolidWireframe';break;
        case scene.RENDER_MODE_TRANSPARENT_WIREFRAME:
          currender='TransparentWireframe';break;
        case scene.RENDER_MODE_ILLUSTRATION:
          currender='Illustration';break;
        case scene.RENDER_MODE_SOLID_OUTLINE:
          currender='SolidOutline';break;
        case scene.RENDER_MODE_SHADED_ILLUSTRATION:
          currender='ShadedIllustration';break;
        case scene.RENDER_MODE_HIDDEN_WIREFRAME:
          currender='HiddenWireframe';break;
        //case scene.RENDER_MODE_DEFAULT:
        //  currender='Default';break;
      }
      if(currender!=defaultrender){
        respart+='    RENDERMODE='+currender+'\n';
        defaultvals=false;
      }
    }
    if(origtrans[nd.name]&&!nd.transform.isEqual(origtrans[nd.name])){
      var lvec=nd.transform.transformDirection(new Vector3(1,0,0));
      var uvec=nd.transform.transformDirection(new Vector3(0,1,0));
      var vvec=nd.transform.transformDirection(new Vector3(0,0,1));
      respart+='    TRANSFORM='
               +lvec.x+' '+lvec.y+' '+lvec.z+' '
               +uvec.x+' '+uvec.y+' '+uvec.z+' '
               +vvec.x+' '+vvec.y+' '+vvec.z+' '
               +nd.transform.translation.x+' '
               +nd.transform.translation.y+' '
               +nd.transform.translation.z+'\n';
      defaultvals=false;
    }
    respart+='  END\n';
    if(!defaultvals) res+=respart;
  }
  if(clip){
    var centre=clip.transform.translation;
    var normal=clip.transform.transformDirection(new Vector3(0,0,1));
    res+='  CROSSSECT\n';
    if(!(centre.x==0 && centre.y==0 && centre.z==0))
      res+=host.util.printf(
        '    CENTER=%s %s %s\n', centre.x, centre.y, centre.z);
    if(!(normal.x==1 && normal.y==0 && normal.z==0))
      res+=host.util.printf(
        '    NORMAL=%s %s %s\n', normal.x, normal.y, normal.z);
    res+=host.util.printf(
      '    VISIBLE=%s\n', clip.visible);
    res+=host.util.printf(
      '    PLANECOLOR=%s %s %s\n', clip.material.emissiveColor.r,
             clip.material.emissiveColor.g, clip.material.emissiveColor.b);
    res+=host.util.printf(
      '    OPACITY=%s\n', clip.opacity);
    res+=host.util.printf(
      '    INTERSECTIONCOLOR=%s %s %s\n',
        clip.wireframeColor.r, clip.wireframeColor.g, clip.wireframeColor.b);
    res+='  END\n';
//    for(var propt in clip){
//      console.println(propt+':'+clip[propt]);
//    }
  }
  res+='END\n';
  host.console.show();
//  host.console.clear();
  host.console.println('%%\n%% Add the following VIEW section to a file of\n'+
    '%% predefined views (See option "3Dviews"!).\n%%\n' +
    '%% The view may be given a name after VIEW=...\n' +
    '%% (Remove \'%\' in front of \'=\'.)\n%%');
  host.console.println(res + '\n');
}

//add items to 3D context menu
runtime.addCustomMenuItem("dfltview", "Generate Default View", "default", 0);
runtime.addCustomMenuItem("currview", "Get Current View", "default", 0);
runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);

//menu event handlers
menuEventHandler = new MenuEventHandler();
menuEventHandler.onEvent = function(e) {
  switch(e.menuItemName){
    case "dfltview": calc3Dopts(); break;
    case "currview": get3Dview(); break;
    case "csection":
      addremoveClipPlane(e.menuItemChecked);
      break;
  }
};
runtime.addEventHandler(menuEventHandler);

//global variable taking reference to currently selected node;
var target=null;
selectionEventHandler=new SelectionEventHandler();
selectionEventHandler.onEvent=function(e){
  if(e.selected&&e.node.name!=''){
    target=e.node;
  }else{
    target=null;
  }
}
runtime.addEventHandler(selectionEventHandler);

cameraEventHandler=new CameraEventHandler();
cameraEventHandler.onEvent=function(e){
  var clip=null;
  runtime.removeCustomMenuItem("csection");
  runtime.addCustomMenuItem("csection", "Cross Section", "checked", 0);
  if(clip=scene.nodes.getByName('$$$$$$')|| //predefined
    scene.nodes.getByName('Clipping Plane')){ //added via context menu
    runtime.removeCustomMenuItem("csection");
    runtime.addCustomMenuItem("csection", "Cross Section", "checked", 1);
  }
  if(clip){//plane in predefined views must be rotated by 90 deg around normal
    clip.transform.rotateAboutLineInPlace(
      Math.PI/2,clip.transform.translation,
      clip.transform.transformDirection(new Vector3(0,0,1))
    );
  }
  for(var i=0; i<rot4x4.length; i++){rot4x4[i].setIdentity()}
  target=null;
}
runtime.addEventHandler(cameraEventHandler);

var rot4x4=new Array(); //keeps track of spin and tilt axes transformations
//key event handler for scaling moving, spinning and tilting objects
keyEventHandler=new KeyEventHandler();
keyEventHandler.onEvent=function(e){
  var backtrans=new Matrix4x4();
  var trgt=null;
  if(target) {
    trgt=target;
    var backtrans=new Matrix4x4();
    var trans=trgt.transform;
    var parent=trgt.parent;
    while(parent.transform){
      //build local to world transformation matrix
      trans.multiplyInPlace(parent.transform);
      //also build world to local back-transformation matrix
      backtrans.multiplyInPlace(parent.transform.inverse.transpose);
      parent=parent.parent;
    }
    backtrans.transposeInPlace();
  }else{
    if(
      trgt=scene.nodes.getByName('$$$$$$')||
      trgt=scene.nodes.getByName('Clipping Plane')
    ) var trans=trgt.transform;
  }
  if(!trgt) return;

  var tname=trgt.name;
  if(typeof(rot4x4[tname])=='undefined') rot4x4[tname]=new Matrix4x4();
  if(target)
    var tiltAxis=rot4x4[tname].transformDirection(new Vector3(0,1,0));
  else  
    var tiltAxis=trans.transformDirection(new Vector3(0,1,0));
  var spinAxis=rot4x4[tname].transformDirection(new Vector3(0,0,1));

  //get the centre of the mesh
  if(target&&trgt.constructor.name=='Mesh'){
    var centre=trans.transformPosition(trgt.computeBoundingBox().center);
  }else{ //part group (Node3 parent node, clipping plane)
    var centre=new Vector3(trans.translation);
  }
  switch(e.characterCode){
    case 30://tilt up
      rot4x4[tname].rotateAboutLineInPlace(
          -Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(-Math.PI/900,centre,tiltAxis);
      break;
    case 31://tilt down
      rot4x4[tname].rotateAboutLineInPlace(
          Math.PI/900,rot4x4[tname].translation,tiltAxis);
      trans.rotateAboutLineInPlace(Math.PI/900,centre,tiltAxis);
      break;
    case 28://spin right
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            -Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(-Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 29://spin left
      if(e.ctrlKeyDown&&target){
        trans.rotateAboutLineInPlace(Math.PI/900,centre,spinAxis);
      }else{
        rot4x4[tname].rotateAboutLineInPlace(
            Math.PI/900,rot4x4[tname].translation,new Vector3(0,0,1));
        trans.rotateAboutLineInPlace(Math.PI/900,centre,new Vector3(0,0,1));
      }
      break;
    case 120: //x
      translateTarget(trans, new Vector3(1,0,0), e);
      break;
    case 121: //y
      translateTarget(trans, new Vector3(0,1,0), e);
      break;
    case 122: //z
      translateTarget(trans, new Vector3(0,0,1), e);
      break;
    case 88: //shift + x
      translateTarget(trans, new Vector3(-1,0,0), e);
      break;
    case 89: //shift + y
      translateTarget(trans, new Vector3(0,-1,0), e);
      break;
    case 90: //shift + z
      translateTarget(trans, new Vector3(0,0,-1), e);
      break;
    case 115: //s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1.01);
      trans.translateInPlace(centre.scale(1));
      break;
    case 83: //shift + s
      trans.translateInPlace(centre.scale(-1));
      trans.scaleInPlace(1/1.01);
      trans.translateInPlace(centre.scale(1));
      break;
  }
  trans.multiplyInPlace(backtrans);
}
runtime.addEventHandler(keyEventHandler);

//translates object by amount calculated from Canvas size
function translateTarget(t, d, e){
  var cam=scene.cameras.getByIndex(0);
  if(cam.projectionType==cam.TYPE_PERSPECTIVE){
    var scale=Math.tan(cam.fov/2)
              *cam.targetPosition.subtract(cam.position).length
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }else{
    var scale=cam.viewPlaneSize/2
              /Math.min(e.canvasPixelWidth,e.canvasPixelHeight);
  }
  t.translateInPlace(d.scale(scale));
}

function addremoveClipPlane(chk) {
  var curTrans=getCurTrans();
  var clip=scene.createClippingPlane();
  if(chk){
    //add Clipping Plane and place its center either into the camera target
    //position or into the centre of the currently selected mesh node
    var centre=new Vector3();
    if(target){
      var trans=target.transform;
      var parent=target.parent;
      while(parent.transform){
        trans=trans.multiply(parent.transform);
        parent=parent.parent;
      }
      if(target.constructor.name=='Mesh'){
        var centre=trans.transformPosition(target.computeBoundingBox().center);
      }else{
        var centre=new Vector3(trans.translation);
      }
      target=null;
    }else{
      centre.set(scene.cameras.getByIndex(0).targetPosition);
    }
    clip.transform.setView(
      new Vector3(0,0,0), new Vector3(1,0,0), new Vector3(0,1,0));
    clip.transform.translateInPlace(centre);
  }else{
    if(
      scene.nodes.getByName('$$$$$$')||
      scene.nodes.getByName('Clipping Plane')
    ){
      clip.remove();clip=null;
    }
  }
  restoreTrans(curTrans);
  return clip;
}

//function to store current transformation matrix of all nodes in the scene
function getCurTrans() {
  var tA=new Array();
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(nd.name=='') continue;
    tA[nd.name]=new Matrix4x4(nd.transform);
  }
  return tA;
}

//function to restore transformation matrices given as arg
function restoreTrans(tA) {
  for(var i=0; i<scene.nodes.count; i++){
    var nd=scene.nodes.getByIndex(i);
    if(tA[nd.name]) nd.transform.set(tA[nd.name]);
  }
}

//store original transformation matrix of all mesh nodes in the scene
var origtrans=getCurTrans();

//set initial state of "Cross Section" menu entry
cameraEventHandler.onEvent(1);

//host.console.clear();



////////////////////////////////////////////////////////////////////////////////
//
// (C) 2012, Michail Vidiassov, John C. Bowman, Alexander Grahn
//
// asylabels.js
//
// version 20120912
//
////////////////////////////////////////////////////////////////////////////////
//
// 3D JavaScript to be used with media9.sty (option `add3Djscript') for
// Asymptote generated PRC files
//
// adds billboard behaviour to text labels in Asymptote PRC files so that
// they always face the camera under 3D rotation.
//
//
// This work may be distributed and/or modified under the
// conditions of the LaTeX Project Public License.
// 
// The latest version of this license is in
//   http://mirrors.ctan.org/macros/latex/base/lppl.txt
// 
// This work has the LPPL maintenance status `maintained'.
// 
// The Current Maintainer of this work is A. Grahn.
//
////////////////////////////////////////////////////////////////////////////////

var bbnodes=new Array(); // billboard meshes
var bbtrans=new Array(); // billboard transforms

function fulltransform(mesh) 
{ 
  var t=new Matrix4x4(mesh.transform); 
  if(mesh.parent.name != "") { 
    var parentTransform=fulltransform(mesh.parent); 
    t.multiplyInPlace(parentTransform); 
    return t; 
  } else
    return t; 
} 

// find all text labels in the scene and determine pivoting points
var nodes=scene.nodes;
var nodescount=nodes.count;
var third=1.0/3.0;
for(var i=0; i < nodescount; i++) {
  var node=nodes.getByIndex(i); 
  var name=node.name;
  var end=name.lastIndexOf(".")-1;
  if(end > 0) {
    if(name.charAt(end) == "\001") {
      var start=name.lastIndexOf("-")+1;
      if(end > start) {
        node.name=name.substr(0,start-1);
        var nodeMatrix=fulltransform(node.parent);
        var c=nodeMatrix.translation; // position
        var d=Math.pow(Math.abs(nodeMatrix.determinant),third); // scale
        bbnodes.push(node);
        bbtrans.push(Matrix4x4().scale(d,d,d).translate(c).multiply(nodeMatrix.inverse));
      }
    }
  }
}

var camera=scene.cameras.getByIndex(0); 
var zero=new Vector3(0,0,0);
var bbcount=bbnodes.length;

// event handler to maintain camera-facing text labels
billboardHandler=new RenderEventHandler();
billboardHandler.onEvent=function(event)
{
  var T=new Matrix4x4();
  T.setView(zero,camera.position.subtract(camera.targetPosition),
            camera.up.subtract(camera.position));

  for(var j=0; j < bbcount; j++)
    bbnodes[j].transform.set(T.multiply(bbtrans[j]));
  runtime.refresh(); 
}
runtime.addEventHandler(billboardHandler);

runtime.refresh();





33. ročník MO, úloha A‑I‑5

V guli s polomerom 1 ležı́ 73 rôznych bodov. Dokážte, že z nich je možné vybrať 13 takých, že ležia vnútri nejakej
gule s polomerom 5

6 .

Riešenie
Nech𝒳 je pôvodná guľa, a𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻 ľubovoľná donej vpı́saná kockaRoviny stien𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻 rozdelia guľu𝒳 na
túto kocku a na 6 guľových vrchlı́kov, ktorých základne sú kružnice opı́sané strenám kocky. Nech 𝑆 je spoločný stred
gule akocky. Potomzhodné ihlany𝐴𝐵𝐶𝐷𝑆,𝐸𝐹𝐺𝐻𝑆,𝐵𝐶𝐺𝐹𝑆,𝐴𝐷𝐻𝐸𝑆,𝐴𝐵𝐹𝐸𝑆,𝐷𝐶𝐺𝐻𝑆 pokrývajú kocku𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻
a žiadne dva nemajú žiaden spoločný vnútorný bod.
Nech 𝑂 je stred steny 𝐴𝐹𝐺𝐻 a 𝒴 je guľa so stredom v 𝑂 taká, že kružnica opı́saná tejto stene je jej hlavná kružnica.
Táto kružnica je prienikom guľových plôch ohraničujúce obe gule𝒳 a𝒴. To znamená, že guľový vrchlı́k gule𝒳 ležı́
vnútri gule𝒴.
Nech 𝑎 je dlƵžka hrany kocky 𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻. Potom

1 = |𝑆𝐸| = 1
2 |𝐶𝐸| =

√3
2 𝑎,

takže
𝑎 = 2

√3
,

a potom

|𝑆𝑂| = 𝑎
2 =

2
√3
2 = 1

√3
a

|𝐸𝑂| = 1
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1
2 ⋅ √2𝑎 = √2

2 𝑎 = √2
2 ⋅ 2

√3
= √2
√3

= ඨ2
3 ≤ 5

6 .

To znamená, že guľa𝒴 má polomer najviac 5
6 a obsahuje bod 𝑆, takže aj ihlan 𝐸𝐹𝐺𝐻𝑆.

To teda znamená, že guľa𝒳 je pokrytá 6 guľami s polomermi 56 a stredmi v stredoch stien kocky𝐴𝐵𝐶𝐷𝐸𝐹𝐺𝐻. Ak by
každá z nich obsahovala najviac 12 bodov zo zadania, spolu by obsahovali najviac 6 ⋅ 12 čiže 72 bodov, čo je však
spor. Aspoň jedna z týchto gúľ teda obsahuje aspoň 13 týchto bodov.



