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Abstract. The problem of finding an optimal semi-matching is a gener-
alization of the problem of finding classical matching in bipartite graphs.
A semi-matching in a bipartite graph G = (U, V, E) with n vertices and
m edges is a set of edges M ⊆ E, such that each vertex in U is inci-
dent to at most one edge in M . An optimal semi-matching is a semi-
matching with degM (u) = 1 for all u ∈ U and the minimal value of
∑

v∈V
degM (v).(degM (v)+1)

2
. We propose a schema that allows a reduction

of the studied problem to a variant of the maximum bounded-degree
semi-matching problem. The proposed schema yields to two algorithms
for computing an optimal semi-matching. The first one runs in time
O(

√
n · m · log n) that is the same as the time complexity of the cur-

rently best known algorithm. However, our algorithm uses a different ap-
proach that enables some improvements in practice (e.g. parallelization,
faster algorithms for special graph classes). The second one is random-
ized and it computes an optimal semi-matching with high probability in
O(nω · log1+o(1) n), where ω is the exponent of the best known matrix
multiplication algorithm. Since ω ≤ 2.38, this algorithms breaks through
O(n2.5) barrier for dense graphs.

1 Introduction

We consider unweighted bipartite graphs without loops, multiple edges, and
isolated vertices. In general we use standard graph theory terminology and no-
tations. If it is not stated otherwise, the symbols n and m stand for the number
of vertices and the number of edges of a graph respectively. By N(X) we under-
stand the open neighborhood of a set X , subset of the set of vertices. If v is a
vertex belonging to a set W then we refer it as a W -vertex. A semi-matching M
of a bipartite graph G = (U, V, E) is a set of edges such that each vertex of U
is incident to at most one edge of M . A semi-matching M is a maximum semi-
matching if each vertex of U is incident to exactly one edge of M . We denote by
SM(G) the set of all maximum semi-matchings of G. It is easy to see that any
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bipartite graph without isolated vertices contains a maximum semi-matching
and therefore SM(G) is non-empty.

The studied problem is motivated by the following off-line load balancing
scenario: Given a set of tasks and a set of machines, each of which can process
a subset of tasks. Each task requires one unit of processing time and must be
assigned to some machine that can process it. The tasks has to be assigned in
such a manner that minimizes some optimization objective. One natural goal is
to process all tasks with the minimum total completion time. Another goal is to
minimize the average completion time, or total flow time, which is the sum of
time units necessary for completion of all jobs (including the units while a job
is waiting in the queue).

Let M be a semi-matching. Let us denote by degM (v) the degree of a vertex
v ∈ U ∪ V in the subgraph of a graph G induced by M . (The definition of a
maximum semi-matching immediately implies that if M ∈ SM , then |M | =
|U | = ∑

v∈V degM (v).) For any maximum semi-matching M we define the cost
of M , denoted by cost(M), as follows: For any machine v ∈ V , its cost with
respect to the semi-matching M is

costM (v) =
degM (v)∑

i=1

i =
degM (v) · (degM (v) + 1)

2
.

Intuitively, costM (v) is the total completion time of jobs assigned to the machine
v. The cost of the maximum semi-matching M is the sum of costs taken over all
machines:

cost(M) =
∑

v∈V

costM (v).

An optimal semi-matching is a maximum semi-matching with the minimum pos-
sible cost among all maximum semi-matchings.

The problem of finding an optimal semi-matching is studied from early 70s
when an O(n3)-algorithm was developed independently by Horn [5] and Bruno
et al. [2]. In the next period, no significant progress has been reported besides
the results related to some special cases of the problem and its variations. The
problem received considerable attention in the past few years. Harvey et al. [4]
shown that an optimal semi-matching minimizes simultaneously the maximum
number of tasks assigned to a machine, the flow time and the variance of loads on
the machines. They gave also a characterization of an optimal assignment based
on cost-reducing paths and provided two algorithms for finding an optimal semi-
matching in time O(n·m). Their first algorithm builds the semi-matching step by
step starting with an empty semi-matching. Subsequently, in each step, it finds
an augmenting path from a free U -vertex to a vertex in V with the smallest
possible degree. The second proposed algorithm starts with an arbitrary semi-
matching M , where in each step, the algorithm finds a cost-reducing path. The
authors provided the O(min{n3/2, m · n} ·m) upper bound for running time of
this algorithm [4].

The unweighted semi-matching problem was recently generalized to the quasi-
matching problem by Bokal et al. [1]. In this problem, a function g is provided,
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and each vertex u ∈ U is required to be connected to at least g(u) vertices
in V . Observe that the maximum semi-matching problem corresponds to the
case when g(u) = 1 for each u ∈ U . Bokal et al. [1] used another definition of
the optimality and shown that a maximum semi-matching is an optimal semi-
matching if and only if its degree distribution is lexicographically minimal. More
precisely, let G = (U, V, E) be a bipartite graph, X ⊆ V , and M ⊆ E. Denote
by dM (X) the sequence (d1, d2, . . . , d|X|), d1 ≥ d2 ≥ . . . ≥ d|X|, of degrees of
vertices from X in the subgraph induced by M . We say that a maximum semi-
matching M1 is lexicographically smaller than a maximum semi-matching M2

(denoted by M1 <lex M2), if the sequence dM1(V ) is lexicographically smaller
than the sequence dM2(V ). Analogously we define the relation M1 ≤lex M2.
A maximum semi-matching M ∈ SM(G) is a lexicographically minimal semi-
matching, if M ≤lex M ′ for all M ′ ∈ SM(G). A set of all lexicographically
minimal semi-matchings of the graph G is denoted as LSM(G).

Very recently, Fakcharoenphol, Laekhanukit and Nanongkai [3] presented
O(
√

n ·m · log n) algorithm for the optimal semi-matching problem, which im-
proves the previous O(n ·m) algorithm by Harvey et al. [4]. Their algorithm uses
the same reduction to the min-cost flow problem as in [4]. However, instead of
canceling one negative cycle in each iteration, the algorithm exploits the struc-
ture of the graphs and the cost functions to cancel many negative cycles in a
single iteration.

In this paper, we present a new algorithm for finding an optimal semi-matching
with respect to optimality criterion due to [1]. Our algorithm is based on the
divide-and-conquer strategy that yields to some practically useful properties
of the algorithm. In the algorithm, we reduce the problem of computing a
lexicographically minimal semi-matching to several computations of a specific
variant of the maximum bounded-degree semi-matching problem. This prob-
lem is referred as a BDSM problem. The proposed algorithm runs in time
O(TBDSM (n, m) · log n), where TBDSM (n, m) is the time complexity in which
the BDSM problem can be solved. Hence our algorithm can viewed also as
a schema that utilizes an algorithm for the BDSM problem as a black-box
subroutine, i.e. each algorithm for BDSM problem results in an algorithm for
computing an optimal semi-matching.

As a consequence, applying known algorithms we get two algorithms for com-
puting an optimal semi-matching. The first one is deterministic and runs in time
O(
√

n · m · log n) that is the same as the running time of the algorithm from
[3]. The second one is randomized and computes an optimal semi-matching with
high probability in time O(nω · log1+o(1) n), where ω is the exponent of the best
known matrix multiplication algorithm. Since ω < 2.38, for dense graphs this
algorithm breaks the O(n2.5) upper-bound known before.

2 Preliminaries

The algorithm proposed in this paper is in fact a schema that reduces the problem
of computing a lexicographically minimal semi-matching to several instances
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of a variant of the maximum bounded-degree semi-matching problem (shortly
BDSM) that can be stated as follows:

PROBLEM [BDSM]
INSTANCE: A bipartite graph G = (U, V, E) with n = |U | + |V | vertices and
m = |E| edges; a capacity mapping c : V → N satisfying

∑
v∈V c(v) ≤ 2 · n.

QUESTION: Find a semi-matching M in G with maximum number of edges
such that degM (v) ≤ c(v) for all v ∈ V .

By ComputeBDSM(G, c) we shall denote an algorithm for solving the instance
of BDSM problem.

2.1 Balancing Subroutine

In this subsection, we describe a balancing subroutine. The balancing subroutine
provides a method for a transformation of a semi-matching M to a new semi-
matching M∗ in such a way that for a given semi-matching Mf and a subset
W of V we guarantee that all its vertices are loaded at least as in the semi-
matching Mf . Moreover, the proposed method is time-efficient and in some sense
guarantees that the transformation affects only a small number of V -vertices.

Function Balance(G, M , Mf , W )
Input: a bipartite graph G = (U, V, E), semi-matchings M and Mf in G,

and a subset W ⊆ V
Output: a semi-matching Mb satisfying properties stated in Lemma 1

foreach w ∈W do Rw ← {u ∈ U |(u, w) ∈Mf \M};
foreach u ∈ U do p(u) ← nil;
foreach (u, v) ∈M do p(u) ← v;
Q ← {w ∈W |degM (w) < degMf

(w)};
X ← M ;
while Q 
= ∅ do

w ← arbitrary vertex from Q;
Q ← Q \ {w};
u ← arbitrary vertex from Rw;
Rw ← Rw \ {u};
if p(u) 
= nil then

X ← X \ {(u, p(u)};
if p(u) ∈ W ∧ degX(p(u)) < degMf

(p(u)) then Q ← Q ∪ {p(u)};
end

X ← X ∪ {(u, w)};
p(u) ← w;
if degX(w) < degMf

(w) then Q ← Q ∪ {w};
end
return X(= Mb)
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Lemma 1. Let M and Mf be semi-matchings of a bipartite graph G = (U, V, E)
and let VMf

= {v ∈ V |∃u ∈ U, ∃v′ ∈ V, (u, v) ∈ E ∧ (u, v′) ∈Mf}. Then for any
subset W ⊆ V , a semi-matching Mb of G satisfying

(1) degMb
(v) = degMf

(v), for each v ∈W with degM (v) ≤ degMf
(v),

(2) degMf
(v) ≤ degMb

(v) ≤ degM (v), for each v ∈W with degM (v) > degMf
(v),

(3) degMb
(v) ≤ degM (v), for each v ∈ V \W with v ∈ VMf

,
(4) degMb

(v) = degM (v), for each v ∈ V \W with v /∈ VMf
, and

(5) |Mb| ≥ |M |
can be obtained as a results of the function Balance(G, M, Mf , W ) in linear time
O(|V (G)|+ |E(G)|).

2.2 Dividing Subroutine

In the proposed algorithm, we apply the divide-and-conquer strategy. The key
element of the algorithm is a dividing construction that allows to reduce the prob-
lem of finding a lexicographically minimal semi-matching of a bipartite graph
G into two problems of finding a lexicographically minimal semi-matchings of
induced subgraphs of G.

The dividing strategy is based on the following observation: Let us assume that
we have already computed a maximum semi-matching M of a bipartite graph
G = (U, V, E) in the situation when the maximum load (maximal number of
incident matching edges) of each V -vertex is bounded from above by a constant
cut (the value of cut will be determined in the main algorithm, where cut is
used as a variable). Obviously, the computed semi-matching M is not necessary
maximum. However, one can expect that if a V -vertex v is not fully loaded in
M (i.e., degM (v) < cut), an enlargement of the upper bound for the load of the
vertex v would not help to find a larger semi-matching. On the other hand, if
degM (v) = cut, it could be possible to enlarge M after increasing the allowed
capacity (maximum allowed load) of v. As we shall show later, according to a
computed semi-matching and an actual load of V -vertices, we can even divide
the graph into two disjoint subgraphs in such a way, that the loads of vertices in
all lexicographically minimal semi-matchings in one of them are upper-bounded
by a given constant cut, and the loads of vertices in all lexicographically minimal
semi-matchings in the other subgraph are lower-bounded by cut.

The following theorem states a few properties of our main algorithm that are
crucial for estimation of the total time complexity of the algorithm.

Theorem 1. Let down, cut, up be non-negative integers such that down < cut <
up and cut ≤ 2 · down. Let G = (U, V, E) be a bipartite graph such that for any
lexicographically minimal semi-matching M ∈ LSM(G) of G it holds down ≤
degM (v) ≤ up for all v ∈ V . Let Mf be a semi-matching in G that satisfies
degMf

(v) ≥ down for each vertex v ∈ V . Then there exist bipartite graphs
G− = (U−, V −, E−), G+ = (U+, V +, E+) and semi-matchings M−

f ⊆ E− in
G−, M+

f ⊆ E+ in G+ such that the following properties hold
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(1) G−, G+ are disjoint and induced subgraphs of G, such that U− ∪ U+ = U ,
V − ∪ V + = V , U− ∩ U+ = ∅, V − ∩ V + = ∅,

(2) ∀v ∈ V −: degM−
f

(v) ≥ down,

(3) ∀v ∈ V +: degM+
f

(v) = cut,

(4) ∀M− ∈ LSM(G−), ∀v ∈ V : down ≤ degM−(v) ≤ cut,
(5) ∀M+ ∈ LSM(G+), ∀v ∈ V : cut ≤ degM+(v) ≤ up, and
(6) ∀M− ∈ LSM(G−), ∀M+ ∈ LSM(G+): M− ∪M+ ∈ LSM(G).

Moreover, graphs G+ and G− can be constructed in time TBDSM (n, m)+O(n+
m), where n = |U | + |V |, m = |E| and TBDSM (n, m) is time complexity for
solving an instance of the Problem BDSM for a graph with n vertices and m
edges.

By Divide(G, down, cut, up, Mf) we shall denote an algorithm that constructs
graphs G−, G+ and semi-matchings M−, M+ as claimed in Theorem 1.

3 The Main Algorithm

Our algorithm for computing a lexicographically minimal semi-matching is an
implementation of the divide-and-conquer strategy whose division stage is based
on Theorem 1. The key computational element of the proposed algorithm is a
recursive subroutine ComputeBLSM(G, down, up, Mf , l) that expects five pa-
rameters. First three parameters are a bipartite graph G = (U, V, E) and two
non-negative integers down and up, such that for an arbitrary lexicographically
minimal semi-matching M of G it holds that down ≤ degM (v) ≤ up for all
v ∈ V . We use here a special value �∞ to denote that no upper-bound on the
maximum degree of vertices in a lexicographically minimal semi-matching is
given. In all inequalities, we assume that x ≤ �∞ is valid for all x ∈ N. Observe
that the whole computation starts with the parameter down set to 0 and the
parameter up set to �∞. Note also that it follows from the algorithm that �∞
can be practically set to the value 2 · n without affecting the computation. The
fourth parameter is a semi-matching Mf in G satisfying degMf

(v) ≥ down for
all v ∈ V . This semi-matching is important for the Divide subroutine. More-
over, it is utilized to transfer some results of already realized computation to
subproblems. The last parameter l is not related to the computation. It is added
as a supplementary element used in the time complexity analysis and denotes a
level (depth of recursive call) of the current subproblem.

Algorithm 1. ComputeLSM(G)

Input: a bipartite graph G = (U, V, E);
Output: a lexicographically minimal semi-matching M ;
return ComputeBLSM(G, 0, �∞, ∅, 0) ;
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Function ComputeBLSM(G, down, up, Mf , l)
Input: a bipartite graph G = (U, V, E), down ∈ N, up ∈ N ∪ {�∞}, s.t.,

∀M ∈ LSM(G), ∀v ∈ V : down ≤ degM (v) ≤ up, and a
semi-matching Mf in G, s.t., ∀v ∈ V : degMf

(v) ≥ down;
Output: a lexicographically minimal semi-matching M of G

//the trivial case;
if G = ∅ then return ∅ ;
if up 
= �∞ ∧ up− down ≤ 1 then

M ← ComputeBDSM(G, c : {c(v)→ up|v ∈ V }) ;
M ← Balance(G, M, Mf , V ) ;
return M ;

end

//recursive case;
if up 
= �∞ then

cut ← �(down + up)/2� ;
else

cut ← max{2 · down, 1} ;
end
(G−, M−

f , G+, M+
f ) ← Divide(G, down, cut, up, Mf);

M− ← ComputeBLSM(G−, down, cut, M−
f , l + 1);

M+ ← ComputeBLSM(G+, cut, up, M+
f , l + 1);

return M− ∪M+;

Let us analyze the correctness of the algorithm. In what follows, we shall use
the symbol ? to denote a parameter whose value is not important in an actual
context.

Lemma 2. Let G = (U, V, E) be a bipartite graph and M be a maximum semi-
matching of G such that ∀v, w ∈ V : degM (v) − degM (w) ≤ 1. Then M ∈
LSM(G).

Proof. Follows from Theorem 3.1 in [4] which shows that a semi-matching is
optimal if and only if no cost reducing path exists. ��

Lemma 3. Let lmax be the maximal value of the parameter l that occurs in a call
of the subroutine ComputeBLSM during the computation of ComputeLSM(G).
Then, lmax = O(log n) where n = |U |+ |V |.

Proof. First we show, using mathematical induction with respect to l, that
if a subproblem ComputeBLSM(?, down, �∞, ?, l), l ≥ 1, occurs during the
computation of ComputeLSM(G), then it holds down = 2l−1. The call of
ComputeBLSM(G, 0, �∞, ∅, 0) can yield only to the computation of a subprob-
lem ComputeBLSM(?, 1, �∞, ?, 1) and in this case the induction hypothesis is
valid. For l > 1, a subproblem ComputeBLSM(?, down, �∞, ∅, l − 1) can yield
only to the computation of a subproblem ComputeBLSM(?, 2 · down, �∞, ∅, l).
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From the induction hypothesis, it follows 2 · down = 2 · 2l−2 = 2l−1. Simi-
larly, we can show by induction on l and utilizing Theorem 1 that if a problem
ComputeBLSM(G′, down, �∞, ?, l) occurs in computation then G′ is a subgraph
of G. For down ≥ n = |U | + |V |, the precondition of ComputeBLSM implies
that an input graph G′ = (U ′, V ′, E′) is empty. Indeed, if for any semi-matching
M ∈ LSM(G′) it holds deg(v) ≥ degM (v) ≥ down ≥ n for all v ∈ V ′ 
= ∅, we get
a contradiction to deg(v) < n (as G′ is a subgraph of G). Hence, if a subproblem
ComputeBLSM(G′, ?, �∞, ?, l) with G′ 
= ∅ is a part of the computation, then
2l−1 = down < n which implies l ≤ log n + 1.

In order to prove formally an upper-bound for lmax, we shall show, by induc-
tion on l, that if a subproblem ComputeBLSM(G′, down, up, ?, l) with up 
= �∞,
l ≥ 1, and G′ 
= ∅, is a part of the computation then up−down ≤ n

2l−2−log n +2 =
n2

2l−2 +2. Since ComputeBLSM(?, 0, 1, ?, l) is the only subproblem with l = 1 and
up 
= �∞ that can occur in the computation, the claim is obvious for l = 1. So we
can assume that the induction hypothesis holds for l = 1. Let us assume now that
up− down ≤ n2

2l−3 + 2 for all subproblems ComputeBLSM(?, down, up, ?, l− 1)
at level l − 1. Each subproblem ComputeBLSM(?, down, up, ?, l − 1) can be
divided into at most two subproblems ComputeBLSM(?, down, cut, ?, l) and
ComputeBLSM(?, cut, up, ?, l) where cut = �(down+up)/2�. By an application
of the induction hypothesis, for a subproblem ComputeBLSM(?, down, cut, ?, l),
we get cut−down = �(down+up)/2�−down ≤ (up−down)/2 ≤ n2

2l−2 +1. Simi-
larly, for a subproblem ComputeBLSM(?, cut, up, ?, l), we get up− cut ≤ (up−
down)/2 + 1 ≤ n2

2l−2 + 2. Hence, the claim holds for the both subproblems. It re-
mains to analyze the case when a subproblem ComputeBLSM(?, down, up, ?, l)
is forced by ComputeBLSM(?, down, �∞, ?, l − 1). We already know that the
call ComputeBLSM(?, down, �∞, ?, l − 1) implies down = 2l−2 and l − 1 ≤
log n + 1. The problem ComputeBLSM(?, down, �∞, ?, l − 1) can force only a
subproblem ComputeBLSM(?, down, 2 ·down, ?, l). For this subproblem, we get
2 · down − down = down = 2l−2 ≤ n. Since l − 2 ≤ log n, it implies n ≤ n2

2l−2 . It
means that in this case the claim holds too.

Hence, if a subproblem ComputeBLSM(?, down, up, ?, l) with up 
= �∞ oc-
curs during a computation, it holds up−down ≤ n

2l−2−log n +2. For l > 2+2·logn,
it follows n

2l−2−log n + 2 < 3 and up − down ≤ 2. In this case the construction
of subroutine ComputeBLSM guarantees that if a new subproblem is forced
then it is the trivial one. Since there are no subproblems with up 
= �∞ for
l > 3 + 2 · log n and no subproblem with up = �∞ for l > log n + 3, the assertion
follows. ��
Lemma 4. The algorithm ComputeLSM computes a lexicographically minimal
semi-matching of G.

Proof. We have to show that the computation is finite and a semi-matching
returned by ComputeBLSM(G, 0, �∞, ∅, 0) is lexicographically minimal. Since
each problem ComputeBLSM(?, ?, ?, ?, l) can yield to the computation of at
most two subproblems ComputeBLSM(?, ?, ?, ?, l + 1) and from Lemma 3 we
have l ∈ O(log n), the computation is finite.
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Now, we show the correctness of the algorithm. In particular, we show that
the subroutine ComputeBLSM(G, down, up, Mf , l) returns a semi-matching M
such that M ∈ LSM(G). We show it by a backward induction on l. In what
follows, G refers to the first parameter of a given subproblem ComputeBLSM
and not to a parameter of ComputeLSM which initiates the whole computation.

Let us analyze the induction base, i.e., when l = lmax and lmax is the maximal
value of the parameter l that occurs in the computation. Since no subproblem at
level lmax +1 is forced, either the input graph is empty or up−down ≤ 1. In the
former case is obvious. In the latter case when up− down ≤ 1, Lemma 1 implies
that down ≤ degM (v) ≤ up for all v ∈ V . Let M ′ be an arbitrary semi-matching
such that M ′ ∈ LSM(G). Precondition of ComputeBLSM implies degM ′(v) ≤
up for all v ∈ V . If |M ′| > |M |, we get a contradiction with maximality of a
semi-matching computed by ComputeBDSM . Indeed, M ′ is a feasible solution
for the BDSM problem. Hence, due to maximality of M ′ we have |M ′| = |M |.
It follows that the semi-matching M is a maximum semi-matching for G. And
therefore Lemma 2 implies that M ∈ LSM(G).

Let us analyze the inductive step. If no subproblem is forced, the proof is the
same as in the induction base. In the complementary case, which corresponds to
a recursive step of the algorithm, two new subproblems are forced. Let G−, G+,
M−

f , and M+ be the results of the subroutine Divide. Note that all assumptions
of Theorem 1 are satisfied due to preconditions of ComputeBDSM and the fact,
which can be easily shown by induction on l, that up ≤ 2 · down + 1 in the case
when up 
= �∞. Therefore, properties (2) and (4) of Theorem 1 imply that
preconditions of ComputeBLSM(G−, down, cut, M−

f , l+1) are satisfied as well.
Similarly, preconditions of ComputeBLSM(G+, cut, up, M+

f , l + 1) are satisfied
due to properties (3) and (5) of Theorem 1. The new subproblems are at level
l+1. Hence we can apply the induction hypothesis and we get M− ∈ LSM(G−)
and M+ ∈ LSM(G+). Finally, due to the property (6) of Theorem 1 the returned
semi-matching M− ∪M+ belongs to LSM(G) . ��
Lemma 5. Let Gl be a collection of subgraphs of G such that G′ ∈ Gl if and
only if a subproblem ComputeBLSM(G′, ?, ?, ?, l) occurs in the computation of
ComputeLSM(G). Then, all graphs in Gl are disjoint and

⋃
G′∈Gl

G′ is a sub-
graph of G.

Proof. We show the assertion of the lemma by induction on l. For l = 0, the claim
is trivial. Let us assume that the claim holds for l − 1. Clearly, if G′ ∈ Gl, then
there is a subproblem ComputeBLSM(G∗, ?, ?, ?, l−1) that forces a computation
ComputeBLSM(G′, ?, ?, ?, l). As we can see in the subroutine ComputeBLSM ,
new subproblems are generated as the result of the Divide subroutine. In partic-
ular, a subproblem ComputeBLSM(G∗, ?, ?, ?, l−1) can force only subproblems
ComputeBLSM(G−, ?, ?, ?, l) and ComputeBLSM(G+, ?, ?, ?, l). Then, due to
the property (1) of Theorem 1, both graphs G− and G+ are disjoint subgraphs
of G∗ and the claim follows. ��
The proposed algorithm is a recursive algorithm that is normally executed in
the DFS like manner. However, to complete the analysis of time complexity, let
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us consider a computation in which the computational tree is traversed in BFS-
like manner. In particular, the computation works in stages. In a stage l, we
process all subproblems ComputeBLSM(?, ?, ?, ?, l) at level l. Each subproblem
is preprocessed and subproblems at level l + 1 are constructed. Consequently,
execution in the stage l is interrupted and we start to solve subproblems at level
l + 1 and the stage l + 1 starts. After the stage l + 1 is completed, we continue
with the stage l. From results obtained at the stage l + 1 we construct results
for all subproblems at level l and the stage l is completed.

The motivation for considering BFS-like computation is the following. Ob-
serve that in order to compute ComputeBLSM(G′, ?, ?, ?, l), we execute the
subroutine ComputeBDSM(G′, ?) that computes a solution for the BDSM
problem. Let us denote the graph

⋃
G′∈Gl

G′ by Gl = (U l, V l, El). By Lemma 5,
the graph Gl is a subgraph of G that consists of components corresponding to
graphs in Gl. Therefore, instead of executing the subroutine ComputeBDSM
for each graph G′ = (U ′, V ′, E′) ∈ Gl separately, we can execute the subroutine
ComputeBDSM with the graph Gl as an input. Since vertex sets of all graphs
in Gl are disjoint, we can set capacities for all V -vertices separately. Observe that∑

v∈V (Gl) c(v) =
∑

G′∈Gl

∑
v∈V ′ c(v) ≤∑

G′∈Gl
2 · (|U ′|+ |V ′|) = 2·(|U l|+|V l|).

Hence the precondition of ComputeBDSM is satisfied for input graph Gl. It
means that using a BFS-like computational approach we can merge compu-
tations of bounded-degree semi-matchings for individual graphs occurring in
subproblems at a given level to one computation of a maximum bounded-degree
semi-matching at the given level.

Theorem 2. Let G = (U, V, E) be a bipartite graph. A lexicographically minimal
semi-matching of G can be computed in time O((n + m + TBDSM (n, m)) · log n)
where n = |U | + |V |, m = |E|, and TBDSM (n, m) is the time complexity of
an algorithm for the BDSM problem. Moreover, the algorithm for the BDSM
problem is applied O(log n) times during the computation.

Proof. Let us analyze the modified algorithm that realizes a BFS-like computa-
tion of ComputeLSM . The correctness of the algorithm follows from Lemma 4.
Note that, in order to allow sharing some computational parts, we changed only
the order in which independent subproblems are computed. Lemma 3 implies
that there are O(log n) stages in the computation. If we do not take into account
time spent by the run of ComputeBDSM , due to Theorem 1 the time complex-
ity of each subproblem is linear in size of the input subgraph. From Lemma 5,
we have that

⋃
G′∈Gl

G′ is a subgraph of G and graphs in Gl are disjoint. Hence∑
G′∈Gl

O(|V (G′)|+ |E(G′)| = O(|V (G)| + |E(G)|) = O(n + m). In each stage,
the algorithm ComputeBDSM is executed with a subgraph of G as an input.
Therefore, the computation of ComputeBDSM is in time TBDSM (n, m). It fol-
lows that the total time complexity of a stage is O(n + m) + TBDSM (n, m).
Taking into account the number of stages, the claim follows. ��

Note that the previous theorem holds even in the case of the standard DFS-like
computation under assumption that the time complexity TBDSM (n, m) satisfies
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that
∑

i TBDSM (ni, mi) = O(TBDSM (n, m)) for all ni, mi such that
∑

i ni = n
and

∑
i mi = m.

In what follows, we show how to construct efficient algorithms for finding op-
timal semi-matching by an application of known algorithms for other problems.

Theorem 3. Let G = (U, V, E) be a bipartite graph with n vertices and m edges.
A lexicographically minimal semi-matching of G can be computed in time O(

√
n ·

m · log n).

Proof. In [6], Katrenič and Seminǐsin investigated a problem of finding a maxi-
mum (f, g)-semi-matching of a given graph G. The special case of this problem
is a computation of a maximum (1, c)-semi-matching. A semi-matching M is a
(1, c)-semi-matching of a bipartite graph G = (U, V, E) if and only if degM (u) ≤ 1
for all u ∈ U and degM (v) ≤ c(v) for all v ∈ V . It is easy to see that any
instance (G, c) of the BDSM problem can be solved by finding a maximum
(1, c)-semi-matching of the graph G. The authors of [6] showed that a maximum
(1, c)-semi-matching of a graph G can be constructed in time O(

√
n ·m), hence

TBDSM (n, m) = O(
√

n ·m). Finally, Theorem 2 implies that a lexicographically
minimal semi-matching can be computed in time O(

√
n ·m · log n). ��

Proposition 1. For any bipartite graph G = (U, V, E) with n vertices and a
capacity mapping c, the BDSM problem can be solved with high probability in
time O(nω), where ω is the exponent of the best known matrix multiplication
algorithm.

Proof. We use a simple reduction to the problem of maximum matching in bi-
partite graphs. First, we create a new graph G′ from the graph G = (U, V, E)
by splitting each vertex v ∈ V exactly c(v) times. The new graph has |U | +∑

v∈V c(v) vertices, which is at most 3 · n due to precondition about the map-
ping c. Next, we compute the maximum matching M ′ in G′. In [7], the authors
shown that a maximum matching can be computed in time O(nω) with high
probability. Finally, from M ′ we construct a semi-matching M for G by merging
the corresponding vertices. ��
Theorem 4. Let G = (U, V, E) be a bipartite graph with n vertices and m edges.
A lexicographically minimal semi-matching of G can be computed with high prob-
ability in time O(nω · log n · log log n), where ω is the exponent of the best known
matrix multiplication algorithm.

Proof. From Proposition 1, TBDSM (n, m) = O(nω). Applying Theorem 2, there
are O(log n) instances of the BDSM problem solved during the computation.
Executing the randomized algorithm for the BDSM problem log log n times on
each problem instance, the claim follows from Theorem 2. ��

4 Conclusion

We presented a schema reducing the problem of computing an optimal semi-
matching to a variant of the maximum bounded-degree semi-matching problem.
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This problem can be efficiently solved utilizing known algorithms for maximum
(f, g)-semi-matching or maximum matching using Gaussian elimination. The
schema is based on a divide-and-conquer strategy. The problem is recursively
divided into smaller independent subproblems that can be solved separately. This
property can lead to a construction of simple and efficient parallel algorithms for
computing an optimal semi-matching. Another its useful property follows from
reduction to a variant of the maximum bounded-degree semi-matching problem.
It shows that the time complexity of finding an optimal semi-matching is at most
O(log n) times worse than the time complexity of solving the BDSM problem,
which matches best known complexity upper bounds for maximum matchings
in bipartite graphs.
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